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Approximation
by Trigonometric Polynomials

A main field of application of Fourier series is in differential equations, as
we have said. Another area of practical interest in which Fourier series play
a major role is the approximation of functions by simpler functions, known
as approximation theory, as we shall now explain.

Let f(x) be a function of period 27 that can be represented by a Fourier
series. Then the Nth partial sum of this series is an approximation to f(x):

N
(1 f(x) = ay, + X (a, cos nx + b, sin nx).
n=1

It is natural to ask whether (1) is the “‘best’ approximation to f by a trig-
onometric polynomial of degree N (N fixed), that is, a function of the form

N
(2) F(x) = ay + 2 (a, cos nx + B, sin nx),

n=1

where ‘“‘best’” means that the “‘error’’ of the approximation is minimum,

Of course, we must first define what we mean by the error E of such an
approximation. We want to choose a definition that measures the goodness
of agreement between f and F on the whole interval —m = x = 7. Obviously,
the maximum of [f — F] is not suitable for that purpose: in Fig. 246, the
function F is a good approximation to f, but |f — F| is large near x,- We
choose

3)

This is called the total square error of F relative to the function f on the
interval —a = x = 7. Clearly, £ = 0.

N being fixed, we want to determine the coefficients in (2) such that E is
minimum. Since (f — F)2 = f2 — 2fF + F2, we have

Fig. 246. Error of approximation




596 Fourier Series, Integrals, and Transforms Chap. 10

@) E:fwfzdx—wafFa‘x+wa2dx.

By inserting (2) into the last integral and evaluating the occurring integrals
as in Sec. 10.2 we see that all terms cos? nx and sin? nx (n = 1) have integral
7 and all “mixed terms”’ (cos nx)(sin mx) have integral zero. Thus

v

fdex='n'(2a02+a12+---+aN2+Blz+---+[3N2)_

-

By inserting (2) into the second integral in (4) we see that the occurring
integrals are those in the Euler formulas (6), Sec. 10.2, and we thus obtain

f fFdx = mQayay + eya; + - -+ + ayay + Biby + -+ Byby).

-

With these expressions (4) becomes

Ezf f2dx

N
(5) — 27 [Zaoao + > (a,a, + Bnbn)]

n=1

N
+ 7 [2&02 + 2 (cfxn2 + Bﬂz)].-

n=1

If we take a, = a, and B, = b, in (2), then from (5) we see that the square
error corresponding to this choice of the coefficients of F is given by

!'"— - 2 -

| . x |
= j flPdx — 7 [2&102 + > (au2 cie bnz):l- ‘
: n=1

=

(6)

By subtracting (6) from (5) we obtain
N
E—-FE*= GT{Z(CEO - aﬂ)2 + > l{e, — aﬂ)2 + (B, — bn)z]}.
n=1

Since the sum of squares of real numbers on the right cannot be negative,
E—- E*=0, thus E = E*,

and E = E*ifand only if ¢y = ap, * - -, By = by This proves
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B’ e

Sec. 10.8 Approximation by Trigonometric Polynomials 597

(Minimum square error)

The total square error of F in (2) (with fixed N) relative to f on the interval
o = x = 7 is minimum if and only if the coefficients of F in (2) are the
Fourier coefficients of f. This minimum value is given by (6).

From (6) we see that E* cannot increase as N increases, but may decrease.
Hence, with increasing N, the partial sums of the Fourier series of f vield
better and better approximations to f, considered from the viewpoint of the
square error.

Since E* = 0 and (6) holds for every N, we obtain from (6) the important
Bessel inequality 1’

o0

(7 2a + 2, (@, + b= 11_7 J: wf(x)z dx

n=1

for the Fourier coefficients of any function f for which the integral on the
right exists.

It can be shown (see [C14]) that for such a function f, Parseval’s theorem
holds, that is, formula (7) holds with the equality sign, so that it becomes
“Parseval’s identity”’!!

®) 2a2 + 3 (a2 + b2 = qlr f $x)? dx.

n=1

Square error for the sawtooth wave
Compute the total square error of F with N = 3 relative to

fxy=x+7 (—7<x<m) (Fig. 238a, Sec. 10.4)

on the interval — 7 = x = 7.

Solution. F(x) = m + 2sinx — sin 2x + % sin 3x by Example 2, Sec. 10.4. From this and (6),

T
Eo= [ Gor m2ds - al2a® 4 22412 4 B2

hence
BE = %71'3 - 77t + 11,93) = 3.567.

F = Sy is shown in Fig. 238b, and although |f(x) — F(x)| is large at x = =+ (how large?),
where f is discontinuous, F approximates f quite well on the whole interval.

This brings to an end our discussion of Fourier series, which has empha-
sized the practical aspects of these series, as needed in applications. In the
last four sections of this chapter we show how ideas and techniques in Fourier
series can be extended to nonperiodic functions.

105ee footnote 12 in Sec. 3.5.
IIMARC ANTOINE PARSEVAL (1755—1836), French mathematician. A physical inter-
pretation of the identity follows in the next section.
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We denote the integral by I and show that it equals V7/a. For this we use Vax + iw/2Va = v
as a new variable of integration. Then dx = dviVa, so that

o]
L N
7\/5[‘: dv.

We now get the result by the following trick. We square the integral, convert it to a double
integral, and use polar coordinates r = Vu? + 12 and 6. Since du dv = r dr df, we get

] <o

co oo
1
2 = lf e~ duf e~ dy = —f j e~ g dp
LS —00 4w

= }—f%fwe"'zrdrdﬁ = Z—W(—le‘fz)
T a T a 2

[}

Hence I = V#/a. From this and the first formula in this solution,

2 1 w2 \/:r 1 2
i = O L - —wMa
HeE=) o P ( 4a) a Vaa© ’
This agrees with formula 9 in Table III, Sec. 10.12. |

Physical Interpretation: Spectrum

The nature of the representation (7) of f(x) becomes clear if we think of it
as a superposition of sinusoidal oscillations of all possible frequencies, called
a spectral representation. This name is suggested by optics, where light is
such a superposition of colors (frequencies). In (7), the ““spectral density”’
f(w) measures the intensity of f(x) in the frequency interval between w and
w + Aw (Aw small, fixed). We claim that in connection with vibrations, the
integral

f IF |2 dw

can be interpreted as the total energy of the physical system; hence an integral
of | f (w)|2 from a to b gives the contribution of the frequencies w between
a and b to the total energy.

To make this plausible, we begin with a mechanical system giving a single
frequency, namely, the harmonic oscillator (mass on a spring, Sec. 2.5)

my" + ky = 0,
denoting time ¢ by x. Multiplication by y’ and integration gives
55

3mv? + }ky? = E, = const,

where v = y’ is the velocity, the first term is the kinetic energy, the second
the potential energy, and E; the total energy of the system. Now a general

Lis
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solution is [use (4), (5), Sec. 10.6]
¥ = a, cos'wyx + by sin wgx = ;™ 4 ¢_jem T, w2 = kim,

where ¢, = (a; — ib)2, c_; = € = (a; + ib)/2. Since mw? = k and
(“"0)2 —w0 , we get by straightforward ca.lculatlon and simplification

ok | 3 iwex _ : —wery2 i twex —iwgr)2
E, = sm(c iwge c_,iwge )¢ + 3k(ce + g8 )

= 2kc;c_y = 2kl .

Hence the energy is proportional to the square of the amplitude |c,|.

As the next step, if a more complicated system leads to a periodic solution
= f(x) that can be represented by a Fourler series, then instead of the
smgle energy term |c,|2 we get a series of squares |c, |* of Fourier coefficients
¢, given by (8), Sec. 10.6. In this case we have a “discrete spectrum’’ {or
“pomt spectrum’’) consisting of countably many isolated frequencies (infi-
nitely many, in general), the corresponding |c,|* being the contributions to
the total energy.
Finally, a system whose solution can be represented by a Fourier integral
(7) leads to the above integral for the energy, as is plausible from the cases
just discussed.

Fourier Transform of Derivatives
New transforms can be obtained from given ones by
(Linearity of the Fourier transform)

The Fourier transform is a linear operation; that is, for any functions f(x)
and g(x) whose Fourier transforms exist and any constants a and b,

(8) Flaf + bg) = a¥F(f) + bF(g).

Proof. This is true since integration is a linear operation, so that (6) gives

1 & .
Flaf() + be} = = f [af(x) + be(x)]e—™ dx

1 oo
a m'[mf(x)e“m dx + b —-“f g(x)e™ ™% dx

aF{f(x)} + bF{gx)}. E

In the application of the Fourier transform to differential equations, the
key property is that differentiation of functions corresponds to multiplication
of transforms by iw:
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