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ABSTRACT

Regression analysis constitutes an important tool for investigating the effect of explanatory variables on
response variables. When outliers and bias errors are present, the weighted least squares estimator can
perform poorly. For this reason, alternative robust techniques have been studied in several areas of sci-
ence. However, often these different scientific communities are disconnected from each other, culminat-
ing in the scarcity of knowledge exchange among these areas. Thus, this paper presents a review on ro-

Keywords: bust M-estimators in various knowledge areas. 50 (48 robust) M-estimators are illustrated, including the
Regression analysis Weighted Least Squares estimator (non-robust), the Contaminated Normal estimator (quasi-robust), the
Data reconciliation Huber estimator (monotone), the Correntropy estimator (soft-redescending), the Smith estimator (hard-
Parameter estimation redescending), and the adaptive Barron and Generalized T-distribution. The mathematical functions that

Robust statistic

Meestimat describe the estimators and their respective graphical forms are presented. The tuning constants of all
-estimator

these estimators, for 90%, 95%, 98%, and 99% relative efficiency levels in respect to the Normal distribu-
tion are also presented.

© 2021 Elsevier Ltd. All rights reserved.

Contents
B PR 10 o Ta Tt o) K PP 2
Foundations of robUSt M-@StimatorsS. . . . v .ottt ettt e et e et e e e ettt e et e e e e e 3
2.1, Maximum likelihood formulation . . .. ... .. e 3
2.2.  Generalization of the maximum likelihood objective function. . ........... ... .. it i i 4
2.3, Influence fUNCHION . . ...ttt ettt e e e e e et e e e e e e e e e e e e e e e 5
2.4. First derivative of the influence fUNCtiON. .. .. ... . i i i it et et et ettt s 7
2.5. Robustness and relative effiCIenCy . .. ... ...ttt e e 7
2.6 BreakdOWN POINL . . ..ottt et e e et e e e e e e 8
3. Application of robust M-estimators in data reconCiliation . .. ........ ...ttt ittt et e e e 8
4, The 48 robust M-estimators used in data regression ProblemsS . . ... ... ...ttt ittt e e e e 8
5. The tuning parameters Of the M-eStimators. . . . . ...\ttt ittt et et ettt e ettt et et et ettt 11
6. COMCIUSIONS. & . ottt et ettt et e et e e e e e e e e e e e e e e e e e e e e e e e e e e e e e 21
Declaration of COMPEting INtEIEST . . ..ottt t ettt ettt ettt e e e et e ettt e et e et e ettt e et ettt e ettt et aanns 22
Appendix A. Relative efficiency of LAV @StIMator. . . .. ..ottt ettt ettt e e e ettt et ettt e 22
Appendix B. Example of tuning procedure in Maple. . ... ..ottt e i e e e 23
Appendix C. M-estimators functions - 0 and Y ... ..ottt i e e e e e e e 24
Appendix D.  Tuning parameters for Efy = 90, 98, and 99% .. ...ttt 27
SUPPleMENtAry MAETIAl . . ..ttt ittt ettt et et e e e e e e e e e e e e e 29
CRediT\ authorship cONtribUtioN STATEIMENIET . . . . ..ottt et ettt e et e ettt e e e e e et e e e e e et e ettt it aenn 29
RE T EIICES . . . . o e e 29

* Corresponding author.
E-mail address: dmenezes@coppe.ufrj.br (D.Q.F. de Menezes).

https://doi.org/10.1016/j.compchemeng.2021.107254
0098-1354/© 2021 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.compchemeng.2021.107254
http://www.ScienceDirect.com
http://www.elsevier.com/locate/compchemeng
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compchemeng.2021.107254&domain=pdf
mailto:dmenezes@coppe.ufrj.br
https://doi.org/10.1016/j.compchemeng.2021.107254

D.Q.F. de Menezes, D.M. Prata, A.R. Secchi et al.

1. Introduction

Regression analysis is a statistical tool widely used in almost
all areas of knowledge that seeks to fit a mathematical model to
an experimental data set. This is particularly true for engineering,
especially chemical process engineering. In these fields, the term
“regression analysis” usually refers to problems of data reconcil-
iation, parameter estimation, or both. Although there are several
methods for obtaining the statistically coherent value of variables
and estimating the parameters of the mathematical model based
on available data, the weighted least squares (WLS) method is the
one used most frequently and assumes that measurement errors
follow the Normal distribution model (Prata et al., 2008a; Prata
et al.,, 2009; Prata et al., 2009). The Normal distribution model, de-
veloped in 1733 by Abraham de Moivre, and later attributed to C.
F. Gauss, is used most often because of its general acceptance, ele-
gant statistical properties, and ease of calculation (Bellhouse et al.,
2007; Zoubir et al., 2018).

Bard (1974), in his classic book on parameter estimation, points
out the main reasons for using the Normal distribution model:

Generally describes well the fluctuations of large number of ex-
perimental measurements;

e As the number of experimental disturbances increases, many
distributions approach the Normal distribution (Central Limit
Theorem);

Having defined the mean and variance of a set of measure-
ments and using the concepts of variational calculus, it be-
comes possible to show that the Normal distribution is the one
that demands the input of minimum amount of additional in-
formation about a particular problem;

Easy mathematical treatment, allowing the theoretical deriva-
tion of well-known sample statistics, including the t-Student,
Chi-square (x2) and F-Fisher distributions.

Rey (1983) pointed out that the adoption of weighted least
squares techniques was considered to be one of the best ap-
proaches for resolution of a regression problem. As a matter of
fact, the “dogma” of normality has been widely accepted; observa-
tions that somehow denied this dogma were frequently regarded
as wrong and discarded.

Unfortunately, the mathematical elegance that makes this clas-
sic method (Gaussian model) so popular depends on a series of
assumptions that are often unrealistic or not always applicable, as
actual sampled measurements can follow other underlying statis-
tical distributions and can be contaminated by gross errors that
do not necessarily follow the underlying distribution of measure-
ments. The assumption of Normal distribution can be severely vi-
olated if one or more outliers are present in the measured data
set, even though most of the data conforms to a Normal distri-
bution, resulting in poor or deviated estimates, as presented by
Tukey (1960). This author has shown that many estimators that
perform optimally for data sampled from a Normal distribution
perform poorly if minor changes are made to this distribution
(contamination). Tukey (1960) anticipated that the classical regres-
sion procedure based on the Normal distribution, or WLS estima-
tor, is excessively sensitive to small uncertainties about the ideal-
ized hypotheses. Long before, Legendre (1805), one of the pioneers
in using the WLS regression method, explicitly predicted the ne-
cessity to reject spurious values (apud (Stigler, 1973)).

The need for “robustness” in data analysis appears in many of
Tukey’s works, notably in the 1962 article entitled “The Future of
Data Analysis” (Tukey, 1962) specifically in the phrase:

“We need to tackle old problems in more realistic framework”.
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Thus, in the 1960s, a new field of mathematical statistics called
robust statistics was born, whose foundations include the work
of Tukey (1960), the article by Huber (1964) and the thesis by
Hampel (1968) - the founding fathers of robust statistics.

According to Rey (1983) and Stigler (2010), the term “robust-
ness” for use in the field of statistical mathematics was introduced
by G.E.P. Box in 1953. Qualitatively, it can be understood as “insen-
sitivity to small deviations from idealized hypotheses” for which
the estimator is optimized (Huber and Ronchetti, 2009). The word
“small” can have two different interpretations: the first refers
to a small number of considerable divergences (spurious values)
and the second to a considerable number of small divergences
(non-normal distribution). Stigler (1973) commented that the term
“robustness” refers to the sensitivity of procedures to deviations
from idealized hypotheses, particularly the hypothesis of normality
- provided it is employing well-defined procedures.

Robust statistics aims to provide methods that emulate conven-
tional statistical methods but are not unduly affected by spurious
values or other small deviations from the reference statistical dis-
tribution model. It is particularly important to note that, according
to Box (1953):

“All models are wrong, but some are useful”.

The three main classes of robust estimators are:

o L-estimators (linear combinations of order statistics of the ob-
servations);

o R-estimators (estimator based on waste ranking);

o M-estimators (generalizations of a Maximum Likelihood esti-
mator).

Although there are other classes of robust estimators (D, S, 7,
CM, GM, GS, MM, RM, LMS, and TS), these classes have been rarely
applied to regression analyses in chemical engineering problems
(Prata, 2009; Kodamana et al., 2018).

L-estimators are usually extremely simple and have robust
statistics, such as the sample median and trimmed mean (-
trimmed mean). Astronomers from ancient Egypt and Rome usu-
ally discarded extreme data to average observations, indicating
that they were the first to use the L-estimator a-trimmed mean
(Vichare, 1993). R-estimators involve the classification of residues.
The classification of a sample is a mapping of n real numbers, as-
suming the ordering of the data. Thus, the calculation of weights
and interpretations are facilitated and generally resistant to out-
liers. The L- and R-estimators are therefore useful in robust statis-
tics, such as descriptive statistics, statistical education, and when
calculating the full statistical distribution of a particular problem
becomes very costly. For these reasons, the L- and R-estimators
play key roles in many nonparametric statistical approaches. How-
ever, currently, M-estimators are preferred, although they are com-
putationally more expensive. M-estimators are simpler to handle
because the shape of the estimator is fixed by a function. Indeed,
definition of the robust properties of the L- and R-estimators are
difficult to obtain a priori. However, this problem does not exist
with M-estimators. If one decides to calculate a robust estimate
with good model efficiency over a known distribution, then one
must select a limited robust M-estimator with previously deter-
mined good efficiency over the known distribution. If one sus-
pects that spurious values can be present with large deviations,
then one must select a strongly robust M-estimator for correction
or removal of these spurious measurements (Huber and Ronchetti,
2009; Jureckova, 1984).

According to Albuquerque and Biegler (1996) and
Prata et al. (2009), an advantage of Me-estimators is that
outlier detection and regression problems can be solved si-
multaneously, unlike sequential approaches based on regres-
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sion residues. M-estimators are robust because of their in-
trinsic mathematical structure, which renders the estimator
less sensitive to spurious deviations (Rey, 1983; Huber and
Ronchetti, 2009). These estimators tend to value the ma-
jority of the data located around the mean and ignore the
influence of spurious values (usually located far from the mean)
simultaneously. Thus, an accurate regression can be performed
even if nothing is known a priori about outliers or the structure
of data errors. In addition, nothing prevents exploratory methods
from being used to detect gross errors and obtain more informa-
tion about the statistical properties of the data once residues are
estimated. Although the main concepts of robust statistics have
been formally developed recently, the first robust M-estimators
were proposed during the early development of statistics as pre-
sented in the studies of Stephen Mack Stigler, who analyzed the
history of statistics before the 1900’s:

e Roger Joseph Boscovich (1757) used the absolute minimum
value estimator, resulting from the hypothesis that measure-
ment errors follow a Laplacian distribution (de Laplace, 1774)
for linear regression of observed data (apud (Stigler, 1984));

e Daniel Bernoulli (1785), based on the unpublished paper of
1769, proposed the iterative mean reweighting algorithm, using
a semi-circle function (apud (Stigler, 2010));

e Simon Newcomb (1886) used combinations of Normal distribu-

tions to solve regression problems (apud (Stigler, 1973));

Smith (1888) developed the first robust M-estimator, the Smith

estimator, that fits completely into the modern notation (apud

(Stigler, 1980)).

However, it was G. Galileo in 1632 who first reported that
measurement errors deserve systematic and scientific treatment
(Zoubir et al., 2018). This shows that the discussion regarding the
statistical treatment of real data has been in progress since the be-
ginning of statistic. The literature shows that robust M-estimators
constitute powerful tools for development of sampling strategies
and solution of laboratory or industrial data regression problems
(parameter estimation, data reconciliation, or both simultaneously),
when idealized hypotheses are inaccurate, as they are capable of
ignoring atypical values (spurious values), due to their mathemati-
cal structure. For these reasons, robust M-estimators have been ap-
plied in several fields, including:

e Electrical, electronic and telecommunications
(Merrill and Schweppe, 1971);

o Image processing (Charbonnier et al., 1997; Stewart, 1999; Arya

et al., 2007);

Econometrics and finance (Ronchetti and Trojani, 2001; Martin

and Simin, 2003);

Civil engineering, meteorology and geodesy (Krarup, 1980;

Berberan, 1995; Wieser and Brunner, 2001);

Chemical engineering (Ozyurt and Pike, 2004; Prata et al,

2008a);

Astronomy (Wu and Wu, 2005);

Mechanical engineering (Pennacchi, 2008);

Petrochemical engineering (Prata et al., 2010);

Nuclear engineering (Valdetaro and Schirru, 2011);

Industrial pharmaceutics (Liu et al., 2018; Su et al., 2019);

Medical, biomedical and biotechnological applications

(Tabatabai et al., 2014).

engineering

Based on the previous paragraphs, main purpose of the present
work is surveying the applications of robust M-estimators for data
regression problems (data reconciliation and parameter estimation)
that are subject to gross errors. A collection of 48 robust mod-
els from numerous areas of science and covering a long period of
time (from 1888 to 2019) are disclosed, including presentation of
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their main characteristics and performances when applied to dif-
ferent applications, mainly in the chemical engineering field. Be-
sides, the underlying theory is presented, with emphasis on con-
cepts associated with robust statistics, including discussions about
the influence function (M-estimator derivative), discontinuous esti-
mators, relationship between robustness and relative efficiency in
respect to a reference distribution (generally Normal) and tuning
of estimator efficiency. In particular, parameter tuning is discussed
in depth (including the numerical stability), so that parameter val-
ues are presented for levels of 90%, 95%, 98% and 99% efficiency
in respect to the Normal distribution for all analyzed M-estimators
for the first time, including the computational codes used for tun-
ing computations. This article is therefore expected to provide the
scientific community with opportune directions when it comes to
selecting appropriate M-estimators for a particular application.

2. Foundations of robust M-estimators

There are many classes of robust estimators. The most im-
portant class for the field of data rectification, as described in
Albuquerque and Biegler (1996), Ozyurt and Pike (2004) and
Prata et al. (2010), is the class of M-estimators, which corresponds
to a generalization of the Maximum Likelihood Estimator. As de-
scribed by Prata (2009), no other class of robust estimators has
been used so far in the field of data rectification.

An estimator can be developed as the result of the Maximum
Likelihood formulation, after assuming the validity of a certain sta-
tistical distribution for measurement errors, as described below.

2.1. Maximum likelihood formulation

The Maximum Likelihood formulation was introduced by Fisher
in a series of articles between 1912 and 1922 (Aldrich et al., 1997),
although some of the basic ideas had been previously discussed
by Daniel Bernoulli (Kendall, 1961) and Gauss (Hald et al., 1999),
and is the procedure used most often to obtain estimators for data
regression problems in different environments (experimental, lab-
oratory or industrial).

Initially, it is necessary to assume that a population of mea-
sured data with random errors, ¢; (white Gaussian noise) related
to the population of sampled measurements, follow the probabil-
ity function f; (where z; = Z; + ¢;, z; are the measured variables,
and Z; are the estimated variables or reconciled variables). If the
random errors ¢&; are uncorrelated, measurements are independent
and the respective covariance matrix, which contains the variance
values of the measured data, becomes diagonal. In this case, the
joint probability functions f of observed fluctuations can be cal-
culated as the product of the individual probability functions f;.
Thus, the maximum likelihood estimate can be defined as the one
that maximizes the probability of observing experimental data f,
according to Eq. (1).

mzaxfzmzaxll[f,v (1)
= £ =

However, in practice, it is more convenient to work with the
minimization of the likelihood function (Reilly and Carpani, 1963),
according to Eq. (2).

mzaxﬁfiz—mzinli[fi (2)
£ izl £ =t

Eq. (2) can be rewritten with help of the logarithm operator as
presented in Eq. (3).

min —In ﬁf,- =mjn—zn:lr1[fi] 3)
£ i1 O
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Eq. (3) can be used to build different data regression estimators,
including the most popular ones, as shown below.

Normal — WLS:
1 (z; —2)?
oo 345 @

9XH{
1(z,—z,) ]} 5)

i=1

min— Zln{exp[

N»

. 1 ](Z‘—fi)z
AU 6
msz:2 o7 (6)
mirlXH:l &2 (7)
: 2"

The standardized residue &; corresponds to the difference be-
tween the measured value z; and the estimated (reconciled) value
Z; weighted by the standard deviation o;. Optimal Z; values are
those that maximize the Likelihood function.

The Normal distribution results in the WLS estimator, presented
in Eq. (7), also known as an L, estimator (Rey, 1983). The WLS es-
timator can usually be regarded as a suitable estimator when mea-
surements are free of spurious values.

Contaminated Normal:

n (1—-p)exp (—%2) ) pexp( EZ)

min Y —In
2 ; oV 21 boiv2m

(8)

Eq. (8) presents the estimator based on the Contaminated Nor-
mal distribution, also known as the bivariate distribution (Tjoa and
Biegler, 1991), where p is the probability of finding spurious val-
ues (with 0 < p <0.5), and bzaiz is the variance of contamination
by spurious values (with b > 1).

Laplacian —LAV:

mzinz |il 9)
-

The Laplacian distribution, also known as the double expo-
nential distribution, results in the Least Absolute Value (LAV) es-
timator, presented in Eq. (9), also known as the L; estimator
(Rey, 1983).

Cauchy:

miny In (1 +£7) (10)
£ i

Eq. (10) presents the estimator based on the Cauchy distribu-
tion.

Fig. 1 illustrates the probability distribution functions - f(&¢) -
for the functions presented in this section: Normal, Contaminated
Normal, Laplacian, and Cauchy, respectively.

2.2. Generalization of the maximum likelihood objective function

Huber (1964) proposed a generalization of the maximum like-
lihood objective function. In 1973 (Huber et al., 1973), Huber ex-
tended the idea of using M-estimators for solution of regression
problems through minimization of a smooth, symmetrical and rea-
sonably monotonic function of residuals -p- over optimal esti-
mates, as presented in Eq. (11).

miny"p(2_H) = min )" p(&) (11)
£ 0 i L0

It is important to emphasize that M-estimators should not be
independent of the dispersion measure, o; (scale parameter) while
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they attempt to estimate the “mean” of the sample set of the
variable i, u; (location parameter), with help of some sort of it-
erative procedure (Zoubir et al., 2018). In order to estimate the
means simply and robustly, the median (med(z)) is frequently used
to represent the average. In Eq. (11) it is assumed that the mea-
surement errors are independent and not correlated, with diagonal
covariance-variance matrix.

The evaluation of the scale can be performed with traditional
statistics (Feital et al., 2014) or robustly, using the M-estimators
iteratively or the robust L-estimators MADn (Normalized Me-
dian Absolute Deviation) (Hampel, 1974; Zoubir et al., 2018), Tn
(Rousseeuw and Croux, 1992) or Sn and Qn (Rousseeuw and
Croux, 1993), with help of direct or indirect methods. Indirect
methods make use of the process model during the estimation of
standard deviations, based on the available data set and assuming
that deviations from the reference model provide appropriate esti-
mates for measurement errors. However, finding a global optimum
for the Location and Scale of non-Gaussian Maximum Likelihood
functions still remains an open problem (Zoubir et al., 2018). Fig. 2
illustrates the M-Estimators - p(£) - for the previously analyzed
functions: Normal, Contaminated Normal, Laplacian, and Cauchy,
respectively.

It must be pointed out that the development of most M-
estimators is not based on a well-defined and previously known
probability distribution. According to Rey (1983), the development
of most estimators is based on a convenient mathematical struc-
ture, such as the Fair estimator (Fair, 1974).

Some common properties of p are:

p is continuous, to render the numerical manipulation easier,
although this is not needed for successful use and numerical
implementation of the estimator;

p is symmetrical (p(§) = p(=£)), although this does not neces-
sarily represent the real behavior of measurement errors, which
can be distributed asymmetrically around the mean,;

p must be strictly positive (p(&) > 0) and integrable in order
to allow the statistical interpretation of the problem;

p should be an increasing monotonous function of &; (p(&;) >
p(§;), for |§] > |&;|), indicating that the probability of measur-
ing large errors decrease with the increase of the magnitude
of the error, although this is not needed for successful use and
numerical implementation of the estimator;

p(0) = 0; (It is recommended that the tuning constants satisfy
this constraint, Hoaglin et al. (1983, p. 366))

As a consequence of the previous properties, p should be pref-
erentially convex, although this is not needed for successful use
and implementation of the estimator.

The convexity of p guarantee uniqueness of the obtained so-
lution (global optimal) for problems described by linear models
(Huber, 1981; Rey, 1983), or nonlinear problems that can be ap-
propriately described by linear constraints after linearization.

When p is pseudo-convex or quasi-convex (generally called
“non-convex”), Huber (1981) suggests the implementation of an
iterative procedure that initiates the optimization procedure with
another convex p function and then switches conveniently to the
desired p function. This is the procedure used most often by statis-
ticians, although the increase of the computational power and ad-
vances in mathematics, including the development of determin-
istic and non-deterministic global search methods, are exerting
enormous influence on the evolution of numerical techniques pro-
posed for solution of data regression problems. Particularly, in
most cases data regression performed with robust estimators can
only be regarded as robust when global optimization methods are
used. This point has been formally discussed by Baselga (2007)
using non-deterministic simulated annealing and genetic algorithm
procedures as numerical tools for minimization of robust objective
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Fig. 1. Probability Distribution Functions f(§) of some common estimators.
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Fig. 2. Graphical representation of some estimators p(§).

functions. For these reasons, as already said, the convexity of the
M-estimator and the continuity of the derivatives are not manda-
tory, as pointed out and illustrated by Pennacchi (2008).

2.3. Influence function

The concept of influence function (or curve) was introduced
by Hampel (1968) and constitutes an important measure of ro-
bustness, being generally classified as a measure of qualitative
robustness (Hampel, 1971; 1974; Huber, 1981). For example, for an
estimator to be considered robust, its influence function must be
limited. In simple words, the influence function 1y corresponds to
the weight (influence/impact) given to the effect of the magnitude

of a spurious value (almost always measured in terms of multiples
of the standardized residue &) on the obtained estimates. This
function can be formally defined by Eq. (12), and is characterized
by the first derivative of the objective function, p, in respect to
the standardized residue, &.

dp(§)

v = "5
The estimator WLS [%] is not robust because its influence
function is &, meaning that the influence of spurious values
on the estimates is unlimited (lack of robustness) and increases
proportionally with the increasing magnitude of the spurious
value. On the other hand, the Welsch (Dennis and Welsch, 1978;

(12)
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Fig. 3. Graphical representation of the influence functions of some analyzed estimators.

Rey, 1983) and Smith (Smith, 1888; Stigler, 1980) estimators
present decreasing influence functions that can remove the nega-
tive effects of spurious values on estimates, even when the magni-
tudes of spurious values increase, explaining why these estimators
are classified as redescending.

According to Holland and Welsch (1977), redescending esti-
mators can be classified as soft-redescending (pseudo-convex)
and hard-redescending (quasi-convex), depending whether the re-
spective influence functions are approximately null and exactly
null for spurious values of high magnitude. In the case of hard-
redescending estimators, ¥ is usually built with discontinuous seg-
ments and makes use of “if” clauses, having a finite point of rejec-
tion, such as the three-part Hampel estimator (Hampel, 1968).

The Fair estimator, on the other hand, can be influenced by spu-
rious values, even if only to a limited extent, and is classified as a
monotone estimator. However, the influence of spurious values in
this case is much smaller than in the case of the WLS estimator.
One must note that the p function of a monotonous estimator is
convex. Rey (1983, p. 101) proposed the term “quasi-robust” to re-
fer to estimators that are more robust than the traditional WLS
estimator without being strictly robust.

Thus, based on the previous discussion, M-estimators can be
classified in terms of the mathematical properties of the respec-
tive influence functions as:

o Non-robust (as the WLS estimator);

quasi-Robust (as the Contaminated Normal estimator);
» Robust-Monotonous (as the Fair estimator);

* Robust-Soft-Redescending (as the Welsh estimator);
Robust-Hard-Redescending (as the Smith estimator).

An illustrative graphical comparison of the mentioned influence
functions is presented in Fig. 3.

It can be observed in Fig. 3 that the Contaminated Normal
(quasi-robust) estimator has its influence function limited to ap-
proximately & =4 (actually, & =4.742); after that, the estimator
becomes unlimited and behaves as a pseudo-robust estimator.

Based on the structure of the influence function, three other
properties can be defined and discussed (Hampel et al., 1986):

o Gross-error sensitivity - y - defined as the supreme (maxi-
mum) of the absolute value of the influence function. y mea-
sures the maximum (negative) effect that a possible contam-
ination on the measured value can exert on the estimator
(Hoaglin et al., 1983, p. 358).

Local-shift sensitivity - A - defined as the derivative of the in-
fluence function at the analyzed point. A measures the limit of
influence on the estimator if a measured value deviates from its
original value (leverage point) and evaluates the possible occur-
rence of numerical sensitivity and discontinuities in .
Rejection point - rp, - defined as the point where the in-
fluence function becomes exactly null. This is related to the
complete nullification of the (negative) effect of the high
magnitude spurious value on parameter and/or variable esti-
mates. As explained previously, this can only be defined for
hard-redescending estimators. In soft-redescending estimators,
this value can be calculated as an approximation, if some
sort of threshold value is defined for the influence function
(Ozyurt and Pike, 2004).

Fig. 4 presents an illustrative graphical explanation of these
properties based on a hypothetical influence function.

Some common properties of i are (Hoaglin et al, 1983,
p. 365):

e 1 is limited, which characterizes robustness (finite gross error

sensitivity y);

Y is continuous or piecewise continuous (finite local-shift sen-

sitivity A), to facilitate the implementation of numerical proce-

dures, although this is not required for successful use and nu-
merical implementation of robust estimators;

Y is an odd function (Y (-§) = - (=&)), which is related to

the symmetrical nature of ro, although measurement errors are

not necessarily symmetrical;

e 1 is approximately linear in the vicinities of the origin (¥ (§) ~
k.E, k # 0, for small &), which is related to the quadratic nature
of p(£) in the vicinities of the origin, although this property is
not necessary for successful use and numerical implementation
of robust estimators;
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1,5 { gross-error sensitivity (y)

0,5

local-shift sensitivity ()

Influence Function - ()

rejection point (r,)

-10 -8 -6 -4 -2

0 2 4 6 8 10

§ - Standard Error

Fig. 4. Properties of an Influence Function (Hampel et al., 1986).

o the rejection point of ¥ is finite (if resistance to large spurious
values is desired).

2.4. First derivative of the influence function

Another very important function can be defined as the deriva-
tive of the influence function i in respect to the standardized
residue &. This function corresponds to the second derivative of p
in respect to the standardized residue &, as presented in Eq. (13).

2
v =0 T8 (13)

Thus, ¥’ corresponds to the Hessian matrix of p(&). According to
Hoaglin et al. (1983), ¥’ has been rarely reported in the literature
in the field of robust statistics, since the vast majority of analyzed
regression problems have been solved with deterministic methods
and making use of numerical approximations of the Hessian.

When v/’ is discontinuous, there is a lack of robustness con-
cerning classical (deterministic) optimization procedures. To deal
with possible discontinuities of ¥/, it is possible to:

e Modify the discontinuous form of ¥’ with smoothing functions
using deterministic optimization procedures, as performed by
Arora and Biegler (2001) for the Hampel’s hard redescending
estimator.

o Use non-deterministic optimization procedures.

2.5. Robustness and relative efficiency

The use of M-estimators in data regression problems usually in-
volves the competitive relationship between efficiency and robust-
ness (Albuquerque and Biegler, 1996), namely:

o (Relative) Efficiency: refers to the quality of the fit performed
with an estimator when errors actually follow another distribu-
tion (reference), often assuming the Normal distribution as the
appropriate reference.

e Robustness: refers to estimator performance over a variety of
(nonnormal) error distributions.

This relationship can usually be manipulated through specifica-
tion of tuning constants. Attention should be paid to the important
statement by Albuquerque and Biegler (1996): “The more robust an
estimator is, the less efficient it is”.

It is particularly relevant to report the tunable parameter values
when one intends to compare the performances of distinct robust
estimators. As a matter of fact, comparisons must be performed
for similar levels of relative efficiency and reference functions. If
calculation of tunable parameter values results in lower relative
efficiencies (that is, larger robustness), the analysis of removal of
spurious values may become biased. This occurred recently with
Xie et al. (2019) during tuning of the Xie estimator with relative
efficiency of 95% in respect to the normal distribution. The value
attributed to the tunable parameter was equal to 1.7134, resulting
in relative efficiency of 91% instead of 95% (the correct value corre-
sponds to 1.9597, as shown in Table 3). As a consequence, the Xie
estimator presented the best overall performance, because it was
more robust than the other analyzed estimators (tuned for relative
efficiencies of 95%).

According to Prata (2009) and Prata et al. (2010), robust esti-
mators are designed to perform very well when the distribution is
contaminated and corrupted by spurious values, with a small loss
of efficiency when the distribution is Normal and free of spurious
values, which makes the WLS estimator the appropriate optimal
estimator.

Recently, Valdetaro and Schirru (2011) proposed a method
based on the Akaike criterion for tuning robust estimators based
on the quality of the data set. This approach can be particularly
useful in real-time applications of dynamic systems. As already
said, the performance comparison of robust estimators should be
based on the same relative efficiency, which sheds light on the im-
portance of tuning methods (Rey, 1983; Ozyurt and Pike, 2004).

Eq. (14) presents the mathematical definition of relative effi-

ciency.
V ’
Epflyr (€). F(§)] = %

where V; is the asymptotic variance of the reference esti-
mator and V is the asymptotic variance attributed to a par-
ticular M-estimator (Albuquerque and Biegler, 1996). On the

(14)
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other hand, M-estimators are consistent and asymptotically
normally distributed, with asymptotic variance V defined in
Eq. (15) (Huber, 1981, p. 103), (Hampel et al., 1986, p. 103),
(Shevlyakov et al., 2008):

W@ f(E)ds
VI @), fE)] = === )
[/72 v &) f(&)dE]
where f is the true error distribution, v is the influence function
and ' is the first derivative of the influence function.
Some desirable properties of ¥, f, ¥’ and f’ for calculation of

relative efficiencies are (Shevlyakov et al., 2008), (Hampel et al.,
1986, p. 126):

(15)

o f should be symmetrical and unimodal;
o f should be continuously differentiable and present a finite

support {& : f(§) > 0} = (=1, 1) with f(I) = f/(I) = 0;

» For relative efficiency in respect to a reference distribution with
density f, ¥ should be proportional to —[ln(f)]’:—fT/, ie.,
Y o ¢y (Hoaglin et al,, 1983, p. 365);

. _+O°O° Y (&) f(&)dE =0 (i.e., Y should be an odd function);

. f_*;" ¥2(§)dé < oo (i.e., ¥ should be asymptotically or identi-
cally null when it tends to +o0);

e 0< [F2YEV(E)E =— [TV (E)f(E)dE < oo (ie, ¥ and
f’ should be limited).

As ¥’ may be discontinuous, it may be convenient to rewrite
Eq. (15) in the form of Eq. (16), making use of the previously de-
fined desirable properties:

[LVOfEdE [T YAE)f(E)dE

[~ 2w @ EdE] [Ty @) E)de]
(16)

VY (). f(§)]=

2.6. Breakdown point

The Breakdown Point (BP) concept was introduced by
Hampel (1968) and is another important measure of robustness,
being used as a measure of quantitative robustness (Huber, 1981).
The BP can be defined as the proportion of incorrect (measured)
observations (spurious values) in a dataset that the robust re-
gression technique can tolerate and still be used successfully. The
higher the BP of an estimator, the more robust it is. Theoreti-
cally, the highest possible BP value is 0.5 (50%) (Rousseeuw and
Leroy, 1987), because if more than half of the measurements
are corrupted, it is not possible to distinguish between the true
distribution and the distribution contaminated by spurious values.
The BP of an M-estimator does not depend on its probability
distribution (Rousseeuw and Leroy, 1987, p. 10), (Hoaglin et al.,
1983, p. 370). Importantly, the WLS estimator has BP close to zero;
therefore, a single spurious value causes significant deviations
on the obtained estimates. This again reflects the extreme sen-
sitivity of the WLS estimator to spurious values (Rousseeuw and
Leroy, 1987). The BP of a very robust M-estimator is expected to
be 0.5 (Huber, 1984), as these estimators can handle approximately
50% of spurious values in the data set. This has been asymptot-
ically illustrated through simulation for the Biweight, Hampel,
Andrews and Hyperbolic Tangent M-estimators (Zhang et al,,
1998).

3. Application of robust M-estimators in data reconciliation

It is important to emphasize that the literature on Data Rec-
onciliation (DR) and Multiple Gross Errors Detection (MGED) has
usually recommended redescending M-estimators as the best op-
tions to reject the negative effects of spurious values (large devia-
tions) on estimates of variables and parameters (Arora and Biegler,
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2001; Ozyurt and Pike, 2004), as these M-estimators showed bet-
ter results in comparative studies. However, the use of robust M-
estimators for DR and MGED is still being consolidated, as these
estimators have been increasingly employed by researchers. Appli-
cations include analyses of very distinct problems, ranging from
evaluation of linear models used to fit simulated data sets at
steady state conditions to evaluation of highly nonlinear model
constraints used to fit real dynamic industrial data in real time, for
purposes of process monitoring and real time optimization. Table 1
summarizes some works that used robust M-estimators to solve
DR and MGED problems.

4. The 48 robust M-estimators used in data regression
problems

Many M-estimators have been proposed in the robust statistics
literature and some of these have been used in data regression
problems to minimize the negative influence of less frequent spu-
rious values on estimates of variables, parameters or both together.
Table 2 shows the analyzed robust estimators divided into 3 cate-
gories, with the respective reference numbers used in the present
work.

It is important to emphasize that the present work displays
the most complete set of robust estimators described in the litera-
ture and that no articles or books already published in the litera-
ture review more than 10 examples of robust M-estimators. More-
over, in the vast majority of the previously published articles, M-
estimators are presented only in terms of the function p, or the
function 1, although frequently in terms of the weight function
w, where w(§) = ¢ (£)/£. Additionally, presentation of tunable pa-
rameters for different levels of relative efficiency is rare, as param-
eters are usually tuned to 95% efficiency in respect to the Nor-
mal distribution. Moreover, some estimators have seemingly never
been tuned at all and available tuned parameter values are scat-
tered in the literature. The presentation of illustrative plots for the
p, ¥, and ¥’ functions of the M-estimators has also been rare in
the literature, making more difficult the numerical validation of M-
estimators and respective tunable parameters.

Based on the previous remarks, the present review aims to fa-
cilitate the access to the M-estimator families of functions (p, ¥
and '), respective graphs and associated tuning parameters. An-
other objective of the present work is to motivate the use of some
M-estimators that have been reportedly and successfully used in
few areas of knowledge to solve data regression problems. Thus,
we believe that the present review can facilitate the exchange of
knowledge between the areas of statistics, geodesy, meteorology,
engineering, economics, image processing, astronomy, among oth-
ers. Additionally, this article aims to fill this gap by presenting
and discussing the properties and use of 50 different M-Estimators
(WLS, Contaminated Normal and 48 robust estimators).

Besides the estimators shown in Table 2, the 47-Barron and 48-
GT (Generalized t-distribuition) estimators, which belong to the
category of General and Adaptive Robust Estimators, are also
considered (Barron, 2019; McDonald and Newey, 1988). The prop-
erties of these two adaptive estimators depend on certain tun-
able parameters so that the estimator obtains characteristics of
monotonous, soft-redescending or hard-redescending estimators.
These estimators are not subject to formal efficiency tuning, be-
cause the variation of the parameters can completely modify the
characteristics of the estimator, instead of the simpler asymptotic
adjustment to the variance of the reference distribution.

Tables C.5 and C.6 in Appendix C present the p functions (es-
timator) and ¥ functions (Influence Function) as functions of the
standardized residue £ and their tuning constants, for all estima-
tors mentioned previously. For better visualization of these func-
tions, the following figures were elaborated:
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Table 1
Examples of robust estimators applied in the DR literature.
Reference System* M-Estimators Process(es)
Tjoa and Biegler (1991) S-SS Contaminated Normal Heat exchanger
Johnston and Kramer (1995) S-SS Contaminated Normal and Lorentzian Heat exchanger and flow network
Zhang et al. (1995) R-SS Contaminated Normal Sulfuric acid plant
Albuquerque and Biegler (1996) S-D Contaminated Normal and Fair Heat exchanger, tanks and hydrolysis
Chen et al. (1998) R-SS Fair and Lorentzian Chemical reactor
Bourouis et al. (1998) R-SS Contaminated Normal Multistage flash desalination plants
Mingfang et al. (2000) S-SS Kong Adiabatic CSTR
Arora and Biegler (2001) S-SS/D Fair and Hampel Steam metering and tanks
Ozyurt and Pike (2004) S/R-SS Contaminated Normal, Cauchy, Fair, Hampel, Logistic Chemical reactor, steam metering, metallurgical
e Lorentzian grinding, heat-exchanger, sulfuric acid and
alkylation
Ragot et al. (2005) S-SS Contaminated Normal Component material balances
Wongrat et al. (2005) S-SS Hampel Pai and Fisher (1988) problem
Lingke et al. (2006) S-SS Huber and Kong Pai and Fisher (1988) problem
Faber et al. (2006, 2007) R-SS Kong Coke-oven-gas purification
Schladt and Hu (2007) R-SS Contaminated Normal Chemical reaction and distillation column
Alhaj-Dibo et al. (2008) S-SS Contaminated Normal Mineral processing plant
Lid and Skogestad (2008a,b) S/R-SS Contaminated Normal Catalytic reformer, pipe model and flash
Prata et al. (2008b) S-D Contaminated Normal, Cauchy, Fair, Hampel, Logistic, ~ Liebman et al. (1992) reactor (CSTR)
Lorentzian e Welsch
Prata et al. (2010) R-D Welsch Industrial polypropylene reactor
Zhang et al. (2010) S-SS Zhang Atmospheric tower, ethylene separation, air
separation and steam metering
Valdetaro and Schirru (2011) S/R-SS Hampel Thermal reactor power
Jin et al. (2012) S-SS Jin, Cauchy and Huber Measurement network and Pai and Fisher (1988)
problem
Chen et al. (2013) S-SS Zhang, Fair, Hampel and Correntropy Atmospheric distillation tower and steam metering
Zhang et al. (2014) R-SS Correntropy Air separation
Zhang and Chen (2015) S-D Correntropy Polymerization of styrene
Llanos et al. (2015) S-SS Zhang, Biweight, Welsch and Correntropy Steam metering and Pai and Fisher (1988) problem
Korpela et al. (2016) S/R-SS Welsch Multi-fuel fired industrial boilers
Coimbra et al. (2017) R-D Welsch Polymerizations of methyl methacrylate
da Cunha et al. (2017) S-SS Contaminated Normal, Bell, Huber, Lorentzian, Van de Vusse (1964) reactor
Hampel, Welsch, Andrews, Smith, Jin, Biweight and
Correntropy
Wu et al. (2017) S-SS Wu Crude oil distillation set
Llanos et al. (2017) S-SS Biweight, Huber, Hampel, Welsch and Correntropy Steam metering and heat exchanger network
Valluru et al. (2018) S/R-D Fair and Hampel Williams and Otto (1960) reactor and reactive
distillation
do Valle et al. (2018) S-SS/D Contaminated Normal, Cauchy, Fair, Hampel, Logistic,  Collection of benchmark test problems
Lorentzian and Zhang (quasi-Weighted)
Liu et al. (2018) R-D Fair, Logistic, Lorentzian and Welsch Pharmaceutical manufacturing
Su et al. (2019) R-D Welsch Pharmaceutical manufacturing
Xie et al. (2019) S/R-SS Fair, Welsch, Cauchy e Xie Measurement network and industrial evaporation
da Cunha et al. (2020) S-SS 16 robust M-estimators Chemical reactors problems

*S - simulated data; R - real data; SS - steady state e D - dynamic.

Table 2

Analyzed Robust M-Estimators.

#- Monotone

#- Soft-redescending

#- Hard-redescending

1- LAV L,

2- Ly — L, (Charbonnier)

3- Fair
4- Huber

5- Modified Huber

6- Kong

7- LnCosh
8- Logistic
9- Miiller
10- Zhang

11- Alamgir

12- Bab-Hadiashar

13- Bell

14- Blake-Zisserman

15- Cauchy (Lorentz)

16- Correntropy

17- Danish

18- Geman-McClure

19- GGW (Generalized Gauss Weight)
20- Insha

21- Jin

22- Kumar

23- Lorentzian

24- Merril-Schweppe (BDS)
25- Ramsay

26- Sech

27- Welsch

28- Wu

29- Xie

30- Youssef

31- Asad

32- Andrews

33- Biweight (Tukey-biweight)

34- Collins

35- Hampel

36- Hiperbolic Tangent

37- LQQ (Linear Quadratic Quadratic)
38- Modified Asad-Qadir I

39- Modified Asad-Qadir II

40- Optimal

41- Qadir

42- Smith

43- Talwar (Huber type-skipped mean)
44- Uk

45- Yang |

46- Yang II
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Table 3
Tuning parameters for Efy = 95% in respect to the Normal distribution.
# M-Estimators Tuning Parameters Reference (parameters) Reference (estimator)
ben =10
0 Contaminated Normal peny = 0.235!1 Ozyurt and Pike (2004)1'1; This workl?! Jeffreys (1932)
pen = 0.2644912]
1 LAV (L) No tuning parameters. E¢f = 7 /2 ~ 64% de Laplace (1774)
2 Li-L, No tuning parameters. E;; = 95.75% Charbonnier et al. (1997)
3 Fair cr = 1.3998 Rey (1983); Holland and Welsch (1977); Ozyurt and Pike (2004)  Fair (1974)
4 Huber Chy = 1.345 Rey (1983); Holland and Welsch (1977) Huber (1964)
5 Modified Huber vy = 1.2107 Rey (1983); Pennacchi (2008) Rey (1983)
6 Kong [EZ i (2):‘21?111[4] Kong et al. (2000)3!; This work!4l. Kong et al. (2000)
7 LnCosh cc=0.83 This work Karal (2017)
8 Logistic ¢ =1.205 Holland and Welsch (1977) Verhulst (1838)
9 Miiller v = 2.28302 This work Vichare (1993)
10  Zhang ¢z =0.814 This work Zhang et al. (2010)
Tuning parameters for Ef; = 95% in respect to the Normal distribution - part 2/5
11 Alamgir ca = 2.37111 This work Alamgir et al. (2013)
12 Bab-Hadiashar cpgy = 1.81206 Bab-Hadiashar et al. (2002) Bab-Hadiashar et al. (2002)
13 Bell cp = 2.1522 This work Bell (1980)
14 Blake-Zisserman cpz = 0.00075 This work Hartley and Zisserman (2003)
15  Cauchy cc =2.3849 Rey (1983), Ozyurt and Pike (2004) Poisson (1824) (Apud (Stigler, 1974))
16  Correntropy Cco = 2.1105 This work Liu et al. (2006)
17  Danish ’CD“ =2.76705 This work Berberan (1995)
Dpg = 3.91523
18 Geman-McClure com = 3.787376 This work Geman and McClure (1987)
agew = 1.38636
19 GGW boow = 1.50 Koller and Stahel (2011) Koller and Stahel (2011)
ceew = 1.06282
20 Insha ¢ =3.2296 This work Ullah et al. (2006)
21 Jin {‘C’]J:g?%u This work Jin et al. (2012)
Tuning parameters for Ef; = 95% in respect to the Normal distribution - part 3/5
gy = 1.3860
22 Kumar byy = 2.7720 This work Kumar and Rao (2009)
Cky = 4.80284
23 Lorentzian EZ i ;‘2[75;[6] Ozyurt and Pike (2004)°!; This workl®! Johnston and Kramer (1995)
24 Merril-Schweppe cus = 1.637 This work Merrill and Schweppe (1971)
25 Ramsay cg = 0.3569 This work Ramsay (1977)
26 Sech csp, = 0.40497 This work Tabatabai et al. (2014)
27  Welsch cw = 2.9846 Rey (1983), Holland and Welsch (1977) Dennis and Welsch (1978)
28 Wu g:vvu :3:221 This work Wu et al. (2017)
29  Xie g z 1:;;‘;[[;]] Xie et al. (2019)17]; This workl®! Xie et al. (2019)
30  Youssef ¢y = 2.6006 This work Youssef et al. (2013)
31 Asad cas = 3.6175 This work Ali and Qadir (2005)
32 Andrews Can = 1.338 Rey (1983), Holland and Welsch (1977) Andrews et al. (1972)
33 Biweight cgi = 4.6851 Rey (1983), Pennacchi (2008) Beaton and Tukey (1974)
Tuning parameters for E;f = 95% in respect to the Normal distribution - part 4/5
ac = 1.6515
34 Collins T =4.0 This work Collins (1976)
qc; = 1.5908
D¢y = 3.8948
ay =135
35 Hampel by =2.70 Ozyurt and Pike (2004) Andrews et al. (1972)
cy =5.40
A=0.7261
B =0.8234
36 Hyperbolic Tangent l:f:g This work Hampel et al. (1981)
q=1.5562
D =3.9053
b=1.4734
c=0.9823
37 LQQ 2215'3025 Koller and Stahel (2011) Koller and Stahel (2011)
D; = —2.5802
D, = 4.9047
38 Modified Asad-Qadir I apqr = 3.3094 This work Ali and Qadir (2005)

Tuning parameters for E;; = 95% in respect to the Normal distribution - part 5/5

39

Modified Asad-Qadir II apon = 3.1665

This work

10

Ali and Qadir (2005)

(continued on next page)
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# M-Estimators ~ Tuning Parameters

Reference (parameters)

Reference (estimator)

app = 0.3225
bop = 3.0263
40  Optimal* Cop = 8.2006e~4 This work
dop = 5.0349¢3
eop = 1.8418¢~3
41 Qadir aq = 4.6851 This work
42 Smith as = 3.6732 This work
43 Talwar ar = 2.7955
44 Uk ay, = 4.1323 This work
Cyar = 2.3708
45  Yang | Qyq = 3.5 This work
Dyq = 3.7026
Cyall = 1.3884 . R
46 Yang II {aYa,, _35 This work
47 Barron Tuning not applied in this case.
48 GT Tuning not applied in this case.

Holland and Welsch (1977)

Yohai and Zamar (1997)

Ali et al. (2005)
Smith (1888)

Khalil (2012)

Yang (1999)

(Yang, 1994)

Shape parameters in Fig. 14
Shape parameters in Fig. 14

Barron (2019)

Hinich and Talwar (1975)

McDonald and Newey (1988)

Eyy: [1]=95.53%; [2]=95.00%; [3]=74.03%; [4]=95.00%; [5]=94.58%; [6]=95.00%; [7]=90.97%; [8]=95.00%; * Polynomial ap-

proximation..

Table 4
Summary of properties and characteristics of analyzed robust M-estimators.

Monotonous Soft-redescending Hard-redescending
Without “if” clause With “if” clause Without “if” clause With “if” clause Always with “if” clause
Estimator (#) #1,2,3,6,7, 8,10 #4,5,9 #11, 13, 14, 15, 16, 18,  #12, 17, 19, 21, 22, 24, 28,  #31 - 46

Function (p) Convex

IF () - gross errors moderately increases and asymptote to a

influence constant value (except #1)
Rejection Point (rp) in No

v

Y discontinuous #1 #9
(Figs. 5-12)

Y’ discontinuous #1 #4, 9
(Figs. 5-12)

Tuning parameters Just one, Except #1, 2 Just one

Difficulty of tuning Easy Easy, Moderate (#9)

20, 23, 25, 26, 27, 29 30

pseudo-convex (except #19 does not exist p form; it
was built from ¥ function)

asymptote to zero

Yes (can be approximated

Continuous #17, 28, 30
Continuous #12, 17, 21, 22, 24, 28, 30
Just one One, two (#17, 21, 28),

three (#22)

Easy/Difficult (#19) Easy, Moderate (#17, 21,

28, 30), Difficult (#22)

quasi-convex
is exactly zero

Yes (exactly defined by the
last parameter)
#43, 46

#32, 34, 35, 36, 42, 43, 45,
46

One, two (#46), three
(#35), four (#34),
five(#40), six(#36, 37)
Easy, Moderate (#43, 35,
46), Difficult (#34), Hard
(#40, 36, 37)

e Figs. 5-12 illustrate graphically the families of p, ¢ and v’
functions of all analyzed M-estimators;

e Fig. 13 illustrates the p and i functions of the Barron (General
and Adaptive Loss Function) and GT (Generalized t-distribution)
estimators.

Properties of the analyzed monotonous and redescending ro-
bust M-estimators discussed previously and based on Figs 3 and
4 remain valid for all estimators represented in the present sec-
tion. A detailed summary of the main characteristics of each ana-
lyzed M-estimator is provided in Table 4. Except for the WLS, Char-
bonnier, LAV, Barron and GT M-estimators, all figures were built
for Relative Efficiency of 95% in respect to the Normal distribution,
while the respective tuning constants are presented in Section 5.

5. The tuning parameters of the M-estimators

Table 3 presents the values of the tuning parameters for the
analyzed M-estimators for a given relative efficiency in respect to
the Normal distribution. The references for these parameters and
the introductory reference for each analyzed M-estimator are also
presented.

Looking at Figs. 13 and 14, we can understand why these es-
timators are classified as General and Adaptive. The Barron es-
timator can take the shape of 5 different estimators, ranging

from the non-robust shape of the WLS to the soft-redescending
Welsch, through the monotone Charbonnier (Ly — Ly ). The GT esti-
mator can be adapted into 3 different estimators: LAV, WLS, and

Cauchy.

As noted in Table 3, many of the M-estimators have two or
more tuning parameters, so it is necessary to know the relation-
ship among them for appropriate tuning. It is important to re-
member that the desired properties presented by the p, ¢ and
Y’ functions are fundamental for correct tuning. An estimator that
is not well aligned with the desired properties may be tuned in-
correctly, so that the desired relationship among some of the pa-
rameters must be known and kept constant for correct tuning. The
desired properties of the functions that characterize the analyzed
M-estimators, such as the Gross-Error Sensitivity (y) and the Re-
jection Point (rp) (Fig. 4), are fundamental for definition of the ge-
ometric properties of the considered function and calculation of its
Relative Efficiency. Therefore, these properties may depend on one
or more parameters, particularly in the case of hard-redescending
M-estimators. In the present work, the Maple software version 15
was used for tuning the estimators. An illustrative example of the
tuning procedure is detailed in Appendix A (analytic procedure for
LAV estimator) and Appendix B (symbolic algebraic procedure), il-
lustrating the tuning of the Fair, Welsch, and Hampel estimators.
For M-estimators with two or more parameters, the tuning was

performed according to:

1



D.Q.E de Menezes, D.M. Prata, A.R. Secchi et al.

Weighted Least Squares (L2) family of function
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Contaminated Normal family of function
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Fig. 5. Families of analyzed functions for distinct estimators (o, ¥, ¥’) part 1/8.

e Normal Contaminated: The constant bcy represents the
contamination of the variance by spurious values. The
pPcy constant represents the probability of contaminated
distribution. They have no fixed relationship with each other.
Therefore, the estimator can be tuned by fixing one of the
constants, in the case of this work the parameter bcy = 10 was
fixed.

Danish: The Dp, constant is an auxiliary constant, and depends
on the tuning constant cp,. The estimators that comprise two
or more functions must be adjusted in order to remove any
discontinuity, according to the desired properties. For that, it

12

is necessary to add auxiliary constants to correct these discon-
tinuities. For this estimator, the auxiliary constant follows the
following relationship: Dp, = 01(cpg) — 02(Cpa)-

GGW: This estimator has 3 tuning parameters, but no defini-
tion has been found for the relationships among these param-
eters. Thus, 2 parameters were selected for tuning. The cgow
parameter is the parameter that limits two parts of the char-
acteristic estimator functions and was manipulated to keep the
shape of the function approximately the same. The parameter
boew = 1.5 is fixed and the parameter aggy is used for tun-
ing. It is important to remember that this estimator does not
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5 - Modified Huber family of function
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6 - Kong family of function
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Fig. 6. Family of function (p, v, V') part 2/8.

present an analytical integral for the second part of the Influ-
ence Function (1,). The graph of the p function of this estima-
tor was built numerically.
e Jin: The parameter g; was fixed at a; = 0.65 as recommended
by the authors of the original work. Therefore, the parameter ¢;
was used to tune the estimator.
Kumar: This estimator presents 3 parameters and 3 parts of
functions. One of them is the auxiliary parameter to adjust
the desired properties, the parameter Dy, = 0, (bgy) — 03 (bku),
which is a function of the parameters ay, and by,. The ag, pa-
rameter is related to the by, parameter in order to keep the

13

geometrical properties of the function, defined in the present
work in the form ag, = by, /2.

Wu: This estimator presents 2 tuning parameters, the parame-
ters ay, and cyy. 0 < ayy, < 1 according to the reference work.
Therefore, ay, = 0.5 was set and the parameter cy, was used
for tuning.

Collins: This estimator presents 4 parameters and 3 parts
of functions. The D parameter is the auxiliary parameter,
with Dg = p1(qc;) — p2(qcy)- The g parameter represents the
gross-error sensitivity, in addition to adjusting the continuity
of the estimator. The calculation of this parameter constitutes
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11 - Alamgir family of function
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12 - Bab-Hadiashar family of function
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Fig. 7. Families of analyzed functions for distinct estimators (p, ¥, ¥') part 3/8.

an intermediate step within the tuning procedure, where q
is the positive root of the equation (i, — 1y =0), ¥; being
the ith part of influence function. The ry parameter (which
represents the Rejection Point (rp) of the estimator) must
follow the geometric proportionality, varying according to the
Relative Efficiency and fixed for tuning. Thus, for this work the
tuning parameter was da.

Hampel: This estimator presents 3 parameters and 4 parts of
functions. The 3 parameters (ay, by, cy) have a geometric re-
lationship widely used in the literature, namely: cy = 4ay and
by = 2ay. The parameters must follow the relation ay < by <

14

cy to satisfy the geometric proportionality, therefore the rela-
tion most used in the literature and in this work is adequate.
Thus, for this work the tuning parameter used was ay.

Hyperbolic Tangent: This estimator presents 6 parameters and
3 parts of functions. The D parameter is the auxiliary param-
eter, with D = p;(q) — p2(q). The q parameter represents the
gross-error sensitivity, in addition to adjusting the continuity
of the estimator. The calculation of this parameter constitutes
an intermediate step within the tuning procedure, where g
is the positive root of the equation (¥, — ¥y =0), V; being
the ith part of influence function. The parameter r (which



D.Q.E de Menezes, D.M. Prata, A.R. Secchi et al.

17 - Danish family of function
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18 - Geman-McClure family of function
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Fig. 8. Families of analyzed functions for distinct estimators (o, ¥, ¥’) part 4/8.

represents the point of rejection of the estimator) must follow
the geometric proportionality, varying according to the Relative
Efficiency and fixed for a particular tuning. However, parameter
r is related to parameter k, where r < k. Parameters A and B
must obey the inequalities 0 < A < B < 1. Thus, fixing k and B,
and respecting the proposed relationships, only parameter A is
left for tuning.

LQQ: This estimator has 6 parameters and 4 parts of functions.
The 3 auxiliary parameters are a, Dy and D,, being:

bs —2b —2c
a=———"

T (17)

15

_ (=P*+(-a-3c)b*-3c(a+c)b—3ac* — c)s + (c+ b)?
- 6a

Dy
(18)

1, 1
LS

D, 2° 73

- = a2+ab+%b2
(19)

The parameter s is fixed at s=1.5, where the geomet-
ric relationship of the parameter is s=1—inf(y’/(£)).

1, 1 1,
3a s—iabs+ac+bc—6b S+
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23 - Lorentzian family of function
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24 - Merril-Schweppe family of function
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Fig. 9. Families of analyzed functions for distinct estimators (o, ¥, ¥’') part 5/8.

Parameter c¢ follows geometric proportionality, varying
according to Relative Efficiency, as it is associated with
sensitivity to gross error. Therefore, the tuning parameter is b.

Optimal: This estimator has 5 parameters and 3 parts of func-
tion. The 5 parameters are the parameters of the polynomial
interpolation of the original estimator, because the analytical
function of the estimator was not found. The 5 parameters must
follow the relationships that suit the desired properties of the
characteristic functions of the M-estimator, such as continuity.
This estimator can be tuned iteratively. Initially, co, and dg, are
estimated at ¢, = 2e~* and dg, = 2e=3. The ap, and bg, pa-

16

rameters depend on the other parameters through the follow-

ing relationships:

1. agp is the smallest positive root of the equation (Y, — V1 =
0), ¥; being the ith part of influence function;

2. by is the positive root of the equation (Y, =0), ¥; being
the ith part of influence function.

Thus, the parameters cp, and dp, must be readjusted, because

they depend on app, and bgp. The adjustments follow the rela-

tion:

74 e0p—5a5 dop .

)

1. Cop = 73‘:%;’
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29 - Xie family of function
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30 - Youssef family of function
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Fig. 10. Families of analyzed functions for distinct estimators (o, v, V') part 6/8.

b7 eqp+b3 cop—b,
_ boyeoptbp,Cop—bop
2. dop = ——7F——.

Op

Thus, the only possible parameter for tuning is the ep, param-

eter.

e Yang I: This estimator presents 3 parameters and 3 parts of
functions. The Dyg parameter is the auxiliary parameter, with
Dyq = p1(Cyar) — p2(cyqr). The parameter ayy (Which represents
the point of rejection of the estimator) must follow the geomet-
ric proportionality, varying according to the Relative Efficiency
and fixed for a tuning. Thus, for this work the tuning parameter

used was cyg.

e Yang II: This estimator presents 2 parameters and 3 parts of
functions. The parameter ay,; (which represents the point of
rejection of the estimator) must follow the geometric propor-
tionality, varying according to the Relative Efficiency and fixed
for a tuning. Thus, for this work the tuning parameter used was
Cyall-

Additional information regarding the tuning constants for each
estimator can be found in the respective original works, as shown
in Table 3. Table D.7 in Appendix D shows the tunings for the Rela-
tive Efficiencies of 90, 98 and 99%, in respect to the Normal distri-
bution. Most of these tunings are proposed here for the first time,
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35 - Hampel family of function
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36 - Hyperbolic Tangent family of function
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Fig. 11. Families of analyzed functions for distinct estimators (p, v, ¥') part 7/8.

especially for the 98 and 99% efficiencies. All parameters presented
in Table D.7 were tuned in the present work, even when they were
available in the literature, to assure the consistency of the reported
data.

It can be seen in Fig. 15 that the p functions (objective func-
tion) tend to become more convex when the relative efficiency
increases for the estimators: (i) Contaminated Normal (Fig. 15a)
- quasi-robust; (ii) Fair (Fig. 15b) - monotonous; (iii) Welsch
(Fig. 15c) - soft-redescending; and (iv) Smith (Fig. 15d) - hard-
redescending. This is because these estimators were tuned in
respect to the Normal distribution, which is strictly convex. No-

18

tably, the Contaminated Normal (quasi-robust) estimator is more
convex at the 99% efficiency level than at the 90% efficiency level
(with & = 3), as its structure is based on the Normal distribution.
It can also be observed that the robustness decreases when the
relative efficiency increases, as indicated by the 1 functions
(influence function). Again, this is because these estimators were
tuned in respect to the Normal distribution (which is not robust).
This is particularly evident in the case of the Smith estimator
(hard-redescendig and non-convex), as the rejection point (rp)
increases at high efficiency levels; that is, it takes longer (in
terms of the magnitude of the standard deviation) to remove the
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41 - Qadir family of function
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42 - Smith family of function
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Fig. 12. Families of analyzed functions for distinct estimators (p, v, V') part 8/8.

effect of a spurious value (less robust) in this case. Otherwise,
the rejection point decreases at low efficiency levels; that is, the
estimator descends steeply to nullify the effect of a spurious value,
so that the estimator becomes more robust and less similar to
the Normal distribution. For example, selecting a spurious value
of magnitude & =4, this estimator nullifies the negative effect on
the estimates for the levels of 90-95% of relative efficiency, which
does not occur for the 98-99% efficiency levels.

Therefore, as previously shown in Table 1 (which presents 37
M-estimator applications in the chemical engineering field) and
based on the results reported in these works, it becomes possible
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to say that soft-redescending M-estimators described by expo-
nential terms (without “if” clause) have received more attention
from researchers so far. Besides, as reported by those authors,
these estimators have presented the best overall performances
in comparative studies (Welsch - Prata et al. (2008b); Corren-
tropy - Chen et al. (2013); Correntropy/Biweight - Llanos et al.
(2015, 2017); Welsch/Correntropy/Bell - da Cunha et al. (2017);
Xie/Welsch - Xie et al. (2019)). Additionally, these estimators
also performed well when the data sets were contaminated with
random errors (at 95% level of efficiency in respect to the Normal
distribution). As shown in Table 4 (which presents a summary of
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Fig. 13. General and Adaptative Robust Estimators.
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Different relative efficiencies for the Contaminated Normal estimator
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Different relative efficiencies for the Fair estimator
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Fig. 15. Characteristic functions of different estimators for distinct relative efficiency levels.

the properties and characteristics of the M-estimators presented
in this work), the use of these estimators is also attractive because
the respective IF's (i) are continuous and redescending, nulli-
fying the negative effects of spurious values over the estimates.
Besides, the derivatives of the IF's (') are also continuous in
these cases and do not require the use of smoothing functions
when deterministic optimizations are carried out (Arora and
Biegler, 2001; Wongrat et al., 2005). In addition, these estimators
depend on a single tuning parameter, which can be useful for
actual real time applications, when it is desired to adjust the
tuning constant appropriately to data sets that may contain gross
error frequencies that vary with the operation conditions (Prata
et al, 2010; Valdetaro and Schirru, 2011). However, although
many redescending robust M-estimators are available and have
been used so far, characterization of relative advantages through
detailed comparative studies involving benchmarking problems
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(particularly when nonlinear constraints and dynamic problems
are considered) have not been developed yet. This indicates that
special attention must be given to the redescending M-estimators
presented in the present work and to the main features that may
encourage the development of new ones in the near future (based
on the desired properties that are revised and discussed here).

6. Conclusions

Although robust M-estimators have been applied in many fields
of knowledge, including the fields of pure and applied statis-
tics, and outperform the classical WLS estimator, robust regression
methods have not been widely used yet. Several reasons may pos-
sibly help to understand this point:

e Robust estimation is computationally more intense than classi-
cal method (Hampel et al., 1986); however, due to the increas-
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ing computation capacity this possible reason is becoming less
pertinent;

o For many robust estimators, especially those classified as re-
descending, there is a need for use of global optimization
methods, as some of these estimators are pseudo-convex or
quasi-convex (both generally called “non-convex” in literature)
(Baselga, 2007; Prata et al., 2009; Prata et al., 2010);

e The vast majority of popular statistical computational pack-
ages have not yet introduced robust methods (Stromberg et al.,
2004);

o The opinion of many statisticians and researchers that classical
statistical methods are robust enough (although they are not).

Most of the present review was devoted to presentation and
use of M-estimators, because even though some applications of
these estimators are focused specifically on robust statistics, elec-
trical/electronic engineering, and signal processing, other areas of
knowledge have also developed, studied and found use for M-
estimators, particularly for solution of regression problems in the
field of chemical engineering. For this reason, the present review
presents for the first time a compilation of 50 (48 robust) esti-
mators, with the respective characteristic functions (the p func-
tion, the i function and the v’ function) and tunable param-
eters for efficiency levels of 90%, 95%, 98% and 99% in respect
to the normal distribution. Importantly, many of these estimators
had never been presented previously in graphical form, making
more difficult the correct implementation and validation of the es-
timators. Besides, many of the analyzed estimators had been used
few times (sometimes a single time), showing the importance of
tuning and introducing them to the scientific communities. As a
whole, this paper presents a collection of robust M-estimators that
are spread across several areas of science that study data regres-
sion problems. Thus, the present work fills a gap and allows the
knowledge exchange among these diverse scientific communities,
providing a a large and well-documented number of case stud-
ies, results, and conclusions about the use of robust M-estimators
are presented. Finally, it should be noted through Table 1, that
the Contaminated Normal (quasi-robust), Welsch, Hampel, Fair,
Lorentzian, Correntropy, and Cauchy M-estimators were the most
used for regression analysis in chemical engineering problems,
showing that the preference in this area represents a reduced
set in the universe of M-estimators, such as the 49 M-estimators
(Contaminated Normal + 48 robust estimators) presented in this
work.

Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Appendix A. Relative efficiency of LAV estimator

To illustrate the calculation of Relative Efficiency (Eff), the
M-LAV estimator is selected because it does not contain any
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tuning constant. This estimator has an efficiency equal to 2/m, ap-
proximately equal to 64% (Huber, 1981) in respect to the Normal
distribution. Based on the following settings:

it = ——exp(~ 56 (A1)
fxorma = —§ %em(— %«52) (A.2)
Vroma(6) = 580 = 2587 = (3)
Yin(§) = sgn(®) (r4)

and using Eqs. (14) and (16), it is possible to calculate the Effi-
ciency of the LAV M-estimator in respect to to the Normal distri-
bution, as presented in Eq. (A.5) through (A.8).

Vf[ 1pNormal? fNormal]
V[ IpLAV’ fNormal]

SR PR ) Froma (§)dE
[ /% Unormat (&) Fopmar 6]
T U2 ) froma (€)dE
[ /52 Vi ) Fopma €)AE]
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o2 "°

1 +00 1 2
- mﬂ[ : sZexm—zezme}

1 1
Jﬁsgnz(é ) Jo ™ exp(—5§2)dé

Ege[¥r, flav = (A5)

Efsl, fliav =

1
* g2 exp(—5£7)d

(

Epflr. fliav (A7)

o
1

o2

(

1 2
)2sgn2<s>[ 0*°°Sexp<252)ds}

Efslr, fliav =

[17*
It is important to observe that this is the basis for calculation
of tuning constants of all estimators. The relative efficiency (90, 95,
98 or 99%) and the reference distribution (usually Normal distribu-
tion) are fixed. Numerical methods can be used to solve the result-
ing equation.
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Appendix B. Example of tuning procedur

Figs. B.16-B.18

V Fa

e in maple

ir

¥ Tuning

e’

L > f= simplify(evalf(R( Tuning(cF) ) ), 'assume = positive') :

> restart

> Tuning =proc( cF )

local Y. £, 2. Vf. yF, V. Eff.
182

2 |

Ri= S =

€

J2m

YN = g;f::

Eﬂ!=—[;/£:

return Eff: end proc:
> #Digits'=30:

> cF = fsolve(f— 0.95,cF,0.4)
cF :=1.399776831

> Tuning(cF)
0.9500000000

Fig. B.16. Tuning procedure for the Fair estimator.

¥V Welsch
¥ Tuning

> f:= simplify(evalf( Tuning(cW) ). 'assume = real') :

> cW = fiolve(f— 0.95, cW,0.5)

> restart

> Tuning :=proc(cW)
local yiV, £ 12, VL ., V., Eff.

2 T

i [7J Mw-&fdi)‘
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15 4 2w
ol 0 B e B TR T
R % :

vi=Gge -
2 U wz-fdﬁ]
L i 0+m 2
(7]
0
Eff = Lyf :
return £ff. end proc:
> #Digits:=30:

cW:=2.984637176

‘> Tuning(cW)

0.9500000000

Fig. B.17. Tuning procedure for the Welsch estimator.
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Y Hampel
¥ Tuning

|> restart
> Tuning '=proc(aH, bH, cH)
local yV, £ 2, Vi w. V. Eff.
2 s LR

- lf. ."-[ YN fdE
e = fﬁ=ijlyf=0—

e o 7
e 2| wa»fda]

Wwi=E: fi=

yi= pwrmrl.se(ﬁ < aH, & aH < [¢| and [E) < bH, aHsignum (&), bH < €] and [g] < cH,

i [M]-sigul.m(g). cH<[d, o] ;

cH—-bH

°[J0 w‘-fd&]

V= evalf| ———F—|:

(e

14
Eff = 7f:
return Eff: end proc:
|> #Digits:=30:
L> fi= simplify(evalf(R(Tumng(aH. 2-aH. 4-aH)) ). 'assume = real') :
> aH = fsolve(f—0.90,aH. 1.3)

aH =1.105233041

> Tuning(aH, 2-aH. 4-aH)

0.9000000009

Fig. B.18. Tuning procedure for the Hampel estimator.

Appendix C. M-estimators functions - p and ¥

Table C.5
M-Estimators: p(&).
# p(&) Range
1 €] [§] < o0
2 2(J1+5 -1 €] < 00
3 G[& -1+ 5] JE] < o0
¥ 1] < cn
! { |- % €] >
Chulé] — 4+ Hu
5 Clzvm[l *COS(%)] [§] < Tomn
cunl§ |+ (1- %) I€] > Zun
o B et Sz
7 e [§] <00
8 > lrlz[cosh(é)] ] < o0
9 & [§] < cm
wlél &1 > cm
2
10 TR HER
o)
1 Car [ 1+ exF( 52413 _23i |$|SOO
3[1+exp <7§)]
EZ Al
12 " EI ) [&] < can
Su[In (g,) + 3] , 1§ > can
, _
13 %1-(1+%) } €] < 00
14 log exp&%] [€] <00
15 Cin(1+ ﬁi €] <0
M-Estimators: p(&) - part 2/5
1 £2
16 ca,m[l_e’(p (‘ﬁ)} €] <00

(continued on next page)
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Table C.5 (continued)
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# p(&) Range
52
17 e [&] < cpa
~5 exp (72 + Do I€1 > coa
18 == l€] < oo
19 *There is no analytical integral of the influence function
EZEZ
20 arctan &)+ am [&] < o0
3
glq_ _af
”n Hi-(-af )} B
sa Il g
]T 1 —a, ln(?) +a; —3a,+3]
El
|&] < aku
22 aKu|§| gy < |&] < by
— Sl "K“ exp 1 - E—) + Dyy [&] > by
23 1- |§] < o0
24 f; 181 < cus
2032 2 1§ > ¢
Cus v/ &1 — 1.5¢k > Cus
25 1= (1 +calé]) exp (—caléD)] [§] < 00
26 1 — sech(cgé) [§] <00
27 CZTW 1—exp(7§)] [&] <00
Y w
T g
M) ~ My T2 wu
M-Estimators: p(§) - part 3/5
T1—exp (—%
29 72 €] < 00
1+exp( )
)( 52
20 7 el <cr
ln(‘g‘Z-H) [4-m(G+1)] I€] > o
31 45c8 (358 10ci 6 + lScﬁs) [E] < eas
A 1] > cas
é
32 [17“)5(%)] |&] = wcan
26, s |1 > 7 Can
2.
FHi-(-%) €] = o
3 €1 > ¢
[§’ An
3
g £l < da
34 —2{log[cosh (% (€] - 1c))]} + dar qa < &l <1
dq €] > ra
£
2 e [§] < au
- . aul§| - % i ay < |&] < by
ayby — aj” + 7“”([”27’]”) [1 - (i:jf”l) ] by <&l <cu
aHbH*%+M 1] > cn
S
1§l=<q
36 —%[log[cosh(mz (g1-n)]} +0 a<lgl<r
b €l >
M-Estimators: p(§) - part 4/5
2 |6l <c

37

38

39

40

41

42

N4

&[3b€% +5(c3 —3c2|&| +3c82 - |€P)]
{6 -DIEP =36 - 1528 +
+[(3b% + (3a + 60)b + 6ac + 3c2)s +
-3(c+b)*]I&l} + Dy

where:s, =a+b+c

D,
12 6 6 12
560,2 (14a2, — 75y, £ +2512)
90/2401
moﬂ,s (450l - 18a§w,§8+5516)
Saiqn
45
&:2
2

&

22 4 6 o
b3, _ fupbo,z + dopb0p _ eopbt,
Q

2, 7
o (84 3c2§2+3c4)
2

copét + dop8® _ egpt®

25

c<l|él=c+b
c+b<|&l<s

] > sz

=< Qaqr
|6l <a
1] > anq

[&] < anqu
[&] > aaqn

1§] < aop
aop < |&| < bop
|§] > bop

1§l <cq
€] > cq

1€l = cs

1§l > cs

(continued on next page)
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Table C.5 (continued)

# o) Range
g [§l <cr
43 2
:: lEl > cr
M-Estimators: p(§) - part 5/5
3cin(4)] £° 3 &2
1 7Sln(§)[10rﬁk7ﬁ+7] 1§ < cux
3 cin(4)2 C
3 sin (%)t 1] > cuk
5 €] < ova
45 — Gl oy pyy, orar < €] < aya
Dyq &1 > ayar
2
B% [&] < cvan
46 van|§ |+ 5% — cyanlCyanl cvan < |&] < ayan
2
Cyanlayan| + & — cyan|Cyanl &1 > ayan
(&) )
47 e R ~1 ] < o0
£ |Per 1
48 11'1 (‘l + qer )(ch + Per ) |E| =
Table C.6
Influence Function: v (£).
# ¥ Range
1 sigg(é) [§] < o0
2 —_ <0
fir s &1
3 o HEES
4 § I§] < chu
Chu sign(§) 1] > chu
s cwn sin (£) 5] < Zoun
Cu sign(§) 6] > Fcun
(€ |+2c¢)
6 Roera €] <00
7 tanh(cicé) [§] < o0
8 ¢ tanh (&) €] < 00
9 : €] < cm
G sign(6) €] > cu
E(4+cr|E])
10 @+eslEl)? [§] < 00
1ss[exp (7 £ ]
11 7¥‘)4 [&] <00
_£
[Hexp( a)}
12 5 €] < con
+ |&] > cau
-3
13 5(1 + %) €] < 00
%
2€ exp (=§2)
14 [exp (%) +caz ] In(10) [§] <00
£
15 @ |&] =00
z
Influence Function: v (§) - part 2/5
16 cg,sm €xp (’%) [§] <00
¢ HEEY
17 e
gep(£) I€] > coa
2%ty
18 Ty [€] <00
1] < coow
19 _ bea
& exp | - (Elfoan) S ] €] > coaw
-2
20 s(1+%) HEES
2
2 at(1-a) El<g
G (1-q)° [El>¢
£
; 1] < axu
2 ay sign(§) ) agu < |§] < byu
won(-§) -
23 — €] < 00
cfz<14 %)
& <
24 & sign(®) E: . CMS
S MS
25 Eexph(—gzlél) [§] < o0
Ccsp sinh(cgy
26 2235;1(5,,.%’)2 |§] <0
27 sev(-5) HEES
W
€] < cwu
28
{sign(é)awi"cw“) €] > cwu

(continued on next page)
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Table C.6 (continued)

# ¥ Range
Influence Function: ¥ () - part 3/5

29 il |
—_ <oo
c}<|:l+exp (—%)]
§ €] <cv
20 L—'f €l > o
4\ 2
a §g< _fT) €] < cas
0 " [E] > cas
3 cansin (&) €] < 7ean
0 ] > 7can
2
& .
w0 =
0 1
& . 161 < qq
34 ag tanh [ % (g — 1€])] sign() qa < 1§l <710
0 €] > ra
. 1] < ay
3 au sign(&) ay <[] < by
oD sign (€) legllél =cu
0 > CH
& 1] <
1/2 (k=1)"B : q
36 (A1) tanh [ 52 (r— [g]) | sign6) a<lél=r
0 [§l>r
Influence Function: ¥ () - part 4/5
[§l<c
§ : c<lél<c+b
sign(€)[1€] - 55 (1] - ©)°]
37 sign(§)[c+b- &+ where:s; =a+b+c c+b<|El<s,
+%(%(I$\ -b—0? —a(§| *b*C))]
0 1] > 52
2
£ &
18 7(1—%> ‘lgﬁsz
0 > Gaqr
2
£ &8
e (&) =
0
&l < dop
40 & — cop& +dopE® — egpt’ aop < || < bop
0 1] > bop
2
>
41 1%(17%6) Hi
0 l€] > co
£
. §(1-%) 6] <cs
0 €] > cs
& [§] <cr
s 0 £ er
Influence Function: ¥ () - part 5/5
4 2 . 54 2
» pe(1- g ) [ 30- )] 61 <
0 1] > cuyr
% 5 |&] < cvar
4 Sgpmecley e
> Qyar
& [&] < cvan
46 CY‘“;”‘E Cyan < |§] < ayan
0 1€ > ayan
%1
ey :
4 g \(215320\ +1 5110
48 (Pr qgr;ol,)ﬁ.lgp\i,mg“(g) [§] < o0
Appendix D. Tuning parameters for Ef; = 90, 98, and 99%
Table D.7
Tuning parameters for E;; = 90, 98 and 99%.
# M-Estimators Tuning Parameters 90% 98% 99%
) ) ben 10 10 10
0 Contaminated Normal [p(N 0514 0.09647 0.0441

(continued on next page)
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Table D.7 (continued)
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# M-Estimators Tuning Parameters 90% 98% 99%
3 Fair CF 0.6351 3.0421 4.958
4 Huber CHu 0.9818 1.7459 2.0102
5 Modified Huber CMH 0.8590 1.6543 2.0062
6 Kong & 1221 4998 7915
7 LnCosh Cic 1.2778 0.5475 0.423
8 Logistic cL 0.7826 1.8265 2.364
9 Miiller CMu 19127 2.6861 2.951
10 Zhang cz 1.638 0.4002 0.252
1 Alamgir Cu 2.031 2.819 3.165
12 Bab-Hadiashar Cpy 1.5139 2.1586 2.3948
13 Bell Cpy 1.6703 2.8928 3.5533
14 Blake-Zisserman Cz 3.9¢3 9.3e5 2.0e5
15 Cauchy cc 1.7249 3.3962 42904
16 Correntropy Cco 1.6851 2.7651 3.35219
. Cpa 2.4583 3.1180 3.3544
17 Danish Dpa 3.1268 493 5.6845
Tuning parameters for E;r = 90, 98 and 99% - part 2/4
18 Geman-McClure Cem 2.8937 5.1597 6.3809
dacew 1.0283 1.9523 2.3777
19 GGW beow 15 1.5 1.5
Ceew 0.8709 13 1.5
20 Insha q 2.7331 3.8834 43882
) q 0.65 0.65 0.65
2 Jn G 311 47735 5.677
Aky 1.1156 1.7521 2.0115
22 Kumar biy 2.2311 3.5042 4.0230
Dy 3111 7.6745 10.1154
23 Lorentzian CLz 2.0462 3.6485 4.5120
24 Merril-Schweppe Cums 1.3209 1.9999 2.2452
25 Ramsay Cr 0.5266 0.2189 0.1527
26 Sech Csp 0.5271 0.2985 0.2418
27 Welsch w 2.3831 3.9104 4.7407
awy 0.5 0.5 0.5
® W [ch 21320 2.9261 31885
29 Xie Cx 1.6706 2.3409 2.6359
30 Youssef Cy 2.1966 3.0050 3.2637
Tuning parameters for E;; = 90, 98 and 99% - part 3/4
31 Asad Cas 3.1576 4.2103 4.6664
32 Andrews Can 11117 1.6930 2.0170
33 Biweight Cpi 3.8827 5.9207 7.0414
ag 1.5112 1.9016 2.1827
) ra 35 45 5.0
34 Collins da 1.3913 1.8759 2.1736
D¢ 2.8493 5.3769 7.1493
ay 1.1052 1.7515 2.0114
35 Hampel by 2.2105 3.5030 4.0228
cy 4.4209 7.00609 8.0456
A 0.4174 0.8038 0.9173
B 0.70 0.90 0.95
. k 4.0 5.0 55
36 Hyperbolic Tangent ; 40 50 55
q 1.1091 1.7874 2.0290
D 3.0285 6.12261 7.7731
b 1.2314 1.8262 1.9945
c 0.8 1.2 14
s 15 15 1.5
3 LQ a 4.4314 6.6262 7.5945
Dy —1.7555 —3.9058 —4.9878
D, 3.3206 7.4040 9.5731
Tuning parameters for E;; = 90, 98 and 99% - part 4/4
38 Modified Asad-Qadir I Aaqr 2.9260 3.7751 41102
39 Modified Asad-Qadir II Qaqir 2.8134 3.5855 3.8791
aop 0.3279 0.3211 0.3206
bop 2.7024 3.4216 3.7025
40 Optimal Cop 8.1e4 4.9¢4 3.3e-4
dop 5.0e3 3.0e3 2.0e73
eop 3.2e3 8.8e73 5.3e73
41 Qadir ag 3.8827 5.9207 7.0414
42 Smith as 3.1316 4.4864 5.2317
43 Talwar ar 2.5003 3.1365 3.3682
44 Uk gk 3.5890 4.8374 5.3812
Cyal 2.1622 2.6646 2.8260
45 Yang 1 Qyq 3.0 4.0 4.5
Dyar 2.9414 4.7362 5.5699
Cyall 1.1018 1.7619 2.0140
46 Yangll [aya" 3.0 40 45
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