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Obtengdo de raizes complexas

m O método de Newton também pode ser usado para obter raizes
complexas, utilizando aritmética complexa.

m Neste caso, veremos um método que obtém raizes complexas
usando aritmética real.

m Se P(x) € um polindmio da forma:

P(r)=a,x" + u.ﬂ__l.r'”'_l + ...+ aixr +ag

e os coeficientes sdo reais, entdo as raizes complexas aparecem
em pares conjugados, como solugdo de uma equagdo:

iIT-z — U — j — ()



" A
Quociente e resto:

m Podemos expressar P(x) como:

P(xr) = (J’E —ax — 3)Q(x) + bi(x—a) + by

Q(z) = by "7 + by 2"+ L 4 by

m Vamos determinar quem sdo os coeficientes de Q(x).

Multiplicamos Q(x) pelo termo quadratico e igualamos
os coeficientes:



Igualando termos

Plx) = (;t.‘2 —ax — 3)Q(x) + by(x—a) + by

Plx) = a* (Ern a2 4 b a4+ 3)2)
—  ax (bﬂ L B S S E E;-;.)
— (bn 2T b 2T bg)
+ bl —a) + by

Rearrumando:

= by a"™ 4 (bpoi —abp)a™ b + (b2 —a by_y — 3 by) "2
+ ..+ br—aby—0b)x + (bp—a by — /3 ba).

Plr) =a,x" + 12"V 4 agr + ag
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Termo a termo:

b, = a,

bn-1 = an—1 + a by,
bp_o = ap_o + ab,_1 + 8 0b, .

by a1 + aby + G by,
E}(} = ap + « bl + 3 E}Q .

Como anteriormente, fazemos um “esquema prdtico” para cdlculo:

G, Gp1 G2 .. G a; Qg
+ + + + +
o ab, ob, ab; ob, ab,
+ + + +
p | Bb, .. PBb, Bbs Bb,
b, b, b, .. b, b, by




"
Sistema ndo linear

m O que queremos sdo valores de o e 3 que fagam com
que b, e by se anulem.

bl (D:. 3) = 0

{ b(} (Dc;. j) 0
AN

Note que b, e b, sdo fungdes de o e .

Podemos resolver este sistema usando o método de Newton
para sistemas ndo lineares:

(Thr1-Yny1) = (Troyr) + 2
F'(vp,ye) 2= —F(0g, ye)
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No nosso caso...

F(a.3) =

by (v, (3)
bo(cx, (3)

T 9by (ou3)

Ay
Jbo(,3)

Ay

Aby (av, 3)

973
Db (v, 3)

03
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No nosso caso...

Resolva:

[ by (&;;,,.5'3;‘,_) by (O;';“ﬁk) ] ) B | ) -
da a3 < B by (C‘t iy ) )

dbp (D;' e 3 ) b (-:’_'.1;' oL ) A3 — | )

O 3 ~ b[} ( (Y[, J'} ke )

Atualize a solucdo:

E possivel simplificar
T a expressdo da
Vet N T Z matriz Jacobiana?

J'} 41 .,J:"_'E;i-. T 2




Calculando as derivadas parciais ()

b, = a, .
bn—1 = an—1 + a by )
bp—o = ap_o + aby_1 + 5by, .

b1 = a1 + a by + 3 by,

bU:aU—{—&'bl—{—ng.
abn —
o — U
abn—l _
=l = b,
8'5?1—2 _ dbn 1
I = bp—1 + « I

abn —3 _ dbn— 2 ;
Jo b2 + « Iy + 0
ob:  _ Dby | o 0by
ga = 2t oy tRaa
Oby by b,
Ja = 0t oagy 058




Calculando as derivadas parciais ()

b, = ay, )
bh—1 = an—1 + «a by )
bp—o = ap_o + aby_1 + 5by, .

b1 = a1 + a by + 3 by,
bU — dap + Cl:‘bl +3b2

abﬂ, -
da 0,
Cn

abn .

L = b

bl by "
w—2 __ —1
Do — bn—l + « Do )

C, s Cp-1 o
..... . - 5
Oy b a/;{ +B%%/~' N
/j%f/ b+ a9 + 39
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Assim...
Cp = by, :

- Procedimento
Cn—1 = bp_1 + acy, . pr'é’rico
Cn—z = bp_2 + acp_y + P, — aplicdvel
Cn—3 = bp_3 + acp—o + By 3

Co = bg + (¥ Csq + I,S(Til_‘_
cp = bl + X Co + 3(’?3 .

Ch

Cp-2 Ch-1
E)bn Ubr ~3 __ ob 29 y ob, 1
do dav bn—z + (7?% + 0 da '

¢, O /M
b ob, ) Ja .= Do +Bda
— bn 1 + « _ .
o Ja Ibs 0
Jda % + 0
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Procedimento pratico:

a, G G .. G a, Qg
+ + + + +
o ab, ab, ab; ab, ab;,
+ + + +
P | b, Bbs  Bbs Bb,
bn bn 1 bn 2 bZ bl bO
o oc, O, 0C; OC,

.
\\\ Obq by

Jda Jax
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Assim, podemos atualizar a matriz Jacobiana

C
- Obi(,3)  Obi(a.3)
AN do ¢ o3
F'la, 3) = Ibo(oB) 9o (a,B)
i /{}& 35 B

Ainda precisamos calcular as derivadas parciais em relagdo ao £...



Calculando as derivadas parciais (5)

bn = Uy ,
bn—l = ap—1 + « b-n,_a.

bp—o = ap_o + aby_1 + 5by, .

= ay + aby + 3b3,
bU — dap + Cl:‘bl +3b2

>~
= . a s
|

05
) c,
d‘?’ﬁg —
0b,, 5
03
b,

/a/
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Assim, podemos atualizar a matriz Jacobiana

C, Cs

[ Obifa,3)  Obyfa,3) ]

F'(a, 3) = Io(oB) Obo(oB)
i %_’)& /3;’3 i

Logo:

cola, B)  cs(a, 3)
ci(a, 3) cola, )

F'(a, 3)
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Com os coeficientes:

Cp = by,

Cn—1 = bp_1 + acy

Cp—o = byp_o + ac,_1 + oy, .
Cn—z = bn_z + acp—2 + Fep—1 .
Co = bg + (Y Cq —+ .,3[‘,4?

c1 = bl + X Co —+ 5[‘,3 .

b, = ay .

bn—1 = an—1 + a by,

bp_o = a2 + a bn—:l + 5 by, .

b1 = a1 + aby + 3 b3,
bU — +&'bl +3b2
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Calculados pelo procedimento pratico:

a, G,y Gy .. G a; Qg
+ + + + +
o ab, ab, ab; ab, ab;,
+ + + +
P | b, Bbs  Bbs Bb,
bn bn 1 bn 2 bZ bl bO
o oc, O, 0C; OC,
+ + +
p ! pen Bcs  Pes




Método de Newton-Bairstow

m Algoritmo...



Entrada: coeficientes do polindmio; (a,, f,); €; k_max;
Saida: par conjugado complexo (zeros do polindmio);

Inicio

1 (a, = (ay, By);

2 k := 0;

3 Pare := falso;

4 Enquanto ( (Pare = falso) E (k < k_max) ) facga

5 Calcule os coeficientes b, e c¢; pelo procedimento pratico;
6 Se ( |b;|] <€ E |by| < €))

7 entao Pare := verdadeiro;

8 Senao

9 Resolva o sistema linear:

X

Co (3 < bl

SERE 0 bo
10 Atualize a solugao:

v o+ z°

15 B+ 2P

11 k :=k + 1;

12 Fim enquanto

13 Se( k = k_max ) entdao “O método nao convergiu”;
14 Senao Resolva a equagao JQ——(EE——ﬂf::U;

Fim
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Exemplo

m Utilize o método de Newton- Bairstow para calcular
duas raizes conjugadas da equagdo polinomial

P(x)=x%-2x3+4x2-4x+4=0
iniciando com (&, ) = (0, O).

( Use € = 10-3 e 5 algarismos significativos )
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Iteracao 1

(@, B) = (7, o) = (0, 0)

Procedimento pratico para o cdlculo de b, e ¢

a, a, a, a,




" A
Iteracao 1

(@, B) = (7, o) = (0, 0)

Procedimento pratico para o cdlculo de b, e ¢

1 2 4 4




" A
Iteracao 1

(@, B) = (7, o) = (0, 0)

Procedimento pratico para o cdlculo de b, e ¢

1 2 4 4




" A
Iteracao 1

(@, B) = (7, o) = (0, 0)

Procedimento pratico para o cdlculo de b, e ¢

1 -2 4 -4
0 0
0
b 1 2
0 0
0
C 1 2
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Iteracao 1

(o, ) = (. Bo) = (0, 0)

Procedimento pratico para o cdlculo de b, e ¢

1 2 4 4 4
0 0 0 0 0
0 0 0 0
b, 1 ) 4 |b1| > S@Ibol > €
0 0 0 0
0 0 0
c. 1 @Cs @Cz C1
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Iteracao 1

(a, B)=(0,0)
Assim:

b==4 _~ F(a,ﬂ){_ﬂ
b= 4 4
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Iteracao 1

(e, §)= (0, 0)

Resolva o sistema:
SR =
-4 4 || z, 4

Atualize a solugdo:

ol ol
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Iteracgdo 2

(e, p)=(1,0)

Procedimento prdtico para o cdlculo de 6, e ¢

1 2 4 4
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Iteracgdo 2

(e, p)=(1,0)

Procedimento pratico para o cdlculo de b, e ¢

1 2 4 4

| |
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Iteracgdo 2

(e, p)=(1,0)

Procedimento pratico para o cdlculo de b, e ¢

1 2 4 4

| |
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Iteracgdo 2

(e, p)=(1,0)
Procedimento pratico para o cdlculo de b, e ¢
1 2 4 4
1 1 1
Wl
0 /%. 0
b, 1 1 3
1 1 0
0 0
¢, 1 0 3
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Iteracgdo 2

(e, p)=(1,0)
Procedimento pratico para o cdlculo de b, e ¢
1 2 4 4
1 1 1 3
0 0 0
b, 1 1 3 1
1 1 0 3
0 0 0
C; 1 0 3 2
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Iteracgdo 2

(e, p)=(1,0)
Procedimento pratico para o cdlculo de b, e ¢
1 2 4 4 4
1 1 1 3 1

0 0
b, i q 3 @Ibll >8@|b0| > €
3

0 0
C C C
« | 1 O @ @
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Iteracgdo 2
(@, p)=(1,0)
Assim:
-1
h==l F(a,ﬂ){J
b,= 3

c, =0

c,=3 => F'(O{,,B)zB (3)}
c, =2
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Iteracgdo 2

(e, )= (1,0)

Resolva o sistema:
3 0] z _ —1 s 2| _ 0.33333
2 3|z, 3 z, | |-1.2222
Atualize a solucgdo:

a| [1] [0.33333] [ 1.3333
{ ,B} - M T L 1 .2222} - {— 1 .2222}
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Iteracdo 3

(a, B) = (1.3333, -1.2222)

Procedimento prdtico para o cdlculo de 6, e ¢

1 2 4 4

1.3333

-1.2222

1.3333

-1.2222




" A
Iteracdo 3

(a, B) = (1.3333, -1.2222)

Procedimento pratico para o cdlculo de b, e ¢

1 -2 4 -4
1.3333
-1.2222
b. 1
1.3333
-1.2222
C 1
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Iteracdo 3

(a, B) = (1.3333, -1.2222)

Procedimento pratico para o cdlculo de b, e ¢

1 2 4 4
1.3333 1.3333
-1.2222
b, 1 -0.6667
1.3333 1.3333
-1.2222
c. 1 0.6666
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Iteracdo 3

(a, B) = (1.3333, -1.2222)

Procedimento pratico para o cdlculo de b, e ¢

1 2 4 4
1.3333 13333 -0.88891
-1.2222 %L -1.2222
b, 1 -0.6667  1.8889
1.3333 1.3333
-1.2222
c. 1 0.6666




Iteracdo 3

(a, B) = (1.3333, -1.2222)

Procedimento pratico para o cdlculo de b, e ¢

1 2 4 4
1.3333 13333 -0.88891
11.2222 %L 11.2222
b, 1 -0.6667  1.8889
1.3333 13333 0.88878
-1.2222 /%. -1.2222
c. 1 0.6666 1.5555
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Iteracdo 3

(a, B) = (1.3333, -1.2222)

Procedimento pratico para o cdlculo de b, e ¢

! 2 4 4 4
1.3333 13333 -0.88801 25185  -0.88886
12222 12222 081484 -23086
S E——tht > €

b, ! 06667 18889  (0.66666 (0.80254
13333 13333 0.88878  2.0739
12222 12222 -0.81472

C C C
¢ ! 0.6666)° (15553)° 059252
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Iteracdo 3

(o, B) = (1.3333, -1.2222)

Assim:

b, =—0.66666 —0.66666
: == F(a,f)=
b, = 0.80254 0.80254

¢, = 0.6666
c,= 15555 => F'(a,ﬁ){

1.5555 0.6666}
¢, =0.59252

0.59252 1.5555
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Iteracdo 3

(o, B) = (1.3333, -1.2222)

Resolva o sistema:
1.5555  0.66661[z ] [-0.66666 z | [ 077643
0.59252 1.5555||z,| | 0.80254 : z,| |-0.81169

Atualize a solucgdo:

a| _[1.3333 ] [077643 ] [ 2.1097
Bl |-1.2222| |-0.81169| |-2.0339
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Iteracdo 4

(o, B) = (2.1097, -2.0339)

Procedimento prdtico para o cdlculo de 6, e ¢

1 -2 4 -4
2.1097
-2.0339
b. 1
2.1097
-2.0339
C 1
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Iteracdo 4

(o, B) = (2.1097, -2.0339)

Procedimento prdtico para o cdlculo de 6, e ¢

1 D) 4 4 4
2.1097 21097 023143 46361 087126
12,0339 00339 -022312  -4.4695
D >=¢ ot > €

b, 1 0.1097  2.1975  (0.41298) (0.40176
2.1097 21097  4.6823 10.223
12,0339 20339 4514

C C C
¢, 1 3 4.8459)° 1
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Iteracdo 4

(a, B) = (2.1097, -2.0339)

Assim:

b, =0.41298 . Fa.p) (0.41298 |
, =

b, =0.40176 10.40176

c,=2.2194

c,=4.8459 => F'(mﬁ){
¢, = 6.122

4.8459 2.2194
6.122 4.8459
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Iteracdo 4

(a, B) = (2.1097, -2.0339)

Resolva o sistema:
48459 2219410 ]_ [041298] . [z]_[-0.11213
6.122 4.8459|z,| ]0.40176 z,| |0.058751
Atualize a solucgdo:

a| | 2.1097 L 7O-11213) | 1.9976
B| |-2.0339] | 0.058751] [-1.9751
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Iteracdo 5

(a, )= (19976, -1.9751)

Procedimento prdtico para o cdlculo de 6, e ¢

1 -2 4 -4
1.9976
-1.9751
b. 1
1.9976
-1.9751
C 1




Iteracdo 5

(a, )= (19976, -1.9751)

Procedimento prdtico para o cdlculo de 6, e ¢

1 2 4 4 4

1.9976 1.9976 -0.0047942 4.0354 0.080184

-1.9751 -1.9751 0.0047402 -3.9899
Hr+——¢ b+ > €
o =>¢ 0

b, 1 -0.0024 2.0201 0.04014 0.090284
1.9976 1.9976 3.9856 8.0515
-1.9751 -1.9751 -3.9407

J

1



" A
Iteracdo 5

(e, p) = (19976, -1.9751)

Assim:
b, = 0.04014 0.04014
! —> F(a,p)=
b, =0.090284 0.090284

c,=1.9952
c,=4.0306 => F'(a,ﬂ)={

4.0306 1.9952}
¢, =4.1509

4.1509 4.0306
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Iteracdo 5

(e, p)= (19976, -1.9751)

Resolva o sistema:
4.0306 1.9952 || z, B 0.04014 s 3| 0.0023037
4.1509 4.0306 || z, ~10.090284 2, —0.024772
Atualize a solugdo:

a)_[1.9976 ] [0.0023037] [ 1.9999
Bl |-1.9751| |-0.024772| |-1.9999
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Iteracao 6

(o, ) = (1.9999,-1.9999)

Procedimento prdtico para o cdlculo de 6, e ¢

1 -2 4 -4
1.9999
-1.9999
b. 1
1.9999
-1.9999
C 1
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Iteracao 6

(o, ) = (1.9999,-1.9999)

Procedimento prdtico para o cdlculo de 6, e ¢

1 2 4 4 4
1.9999 1.9999  -0.00019999 3.9996 -0.0004
-1.9999 -1.9999 0.00019999  -3.9996

b, 1 -0.0001 1.9999 -0.00020001 @

bl<e 1bl<e

1.9999 1.9999 3.9994 7.9984

-1.9999 -1.9999 -3.9994

C. 1 1.9998 3.9994 3.9988
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Iteracao 6

_____________________________________________

(o, ) = (1.9999,-1.9999)

. Critério de parada
|b1| <e e |bo| <e.” i sa’rlsfel’ro! Unla sqlugao 5
do sistema ndo-linear
foi encontrada.

Resolva a equagdo:

x> —ax—fF=0 = x°-1.9999x+1.9999=0

Com isso, obtemos duas raizes complexas da equagdo
polinomial P(x) = x* -2x3 + 4x2 - 4x + 4 = O:

x=0.99995 +i x=0.99995—i

FIM DO ALGORITMO!



"
E as outras raizes?

m Para obter outras raizes complexas de P(x) podemos
prosseguir com o método, considerando o polinomio

Q(z) = by "7 + by 2"+ L 4 by

pois temos |b;| <€ e |by| <€ e, assim,

P(t:*} — (J’E — T — f) (J(:) + F,}l}d/ﬂj V{



